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PREFACE. 



The use of infinitely small quantities, which 
was first introduced into the higher depart- 
ments of Mathematics, has been gradually 
v^ creeping downwards, and elementary writers 
^ are rapidly becoming reconciled to it. But at 
^ the same time, the uncompromising advocates 
^ of the ancient rigor of demonstration have, by 
I their attacks, induced some mathematicians to 
^ waste much time in disguising the principles 
^ of the Differential Calculus under a form of 
;Tj words, in which the term ^^ infinitely small ^^ 
^ ^ does not occur. The value of this labor may 
^^- be duly estimated from the inconsistency of 
^< one, who has ostensibly discarded the infini- 
tesimal docfrine from his theory of the Cal- 
culus, and introduced it into his treatise of 
Geometry. Boast, indeed, as you may, of the 
rigor of the ancient Geometry, it can' lead to 
no result more accurate, none more to be de- 
pended upon, than those of the; infinitesimal 
theory ; and I doubt if any well constituted 
mind, well constituted at least for mathemati- 
cal investigations, ever reposes with any, more ' 
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IV PREFACE. 

confidence upon the one th%n upon the other. 
If there were an error involved in the latter 
theory, it must not onlj he infinitely small, but 
must remain infinitely small after all the mag- 
nifying processes to which it can possibly be 
subjected. But there is no error ; for, if we 
suppose that there be an error which we may 
represent by A, since the aggregate of all the 
quantities neglected in arriving at the result is 
infinitely small, that is, as small as we choose, 
we may choose it to be smaller than A] and, 
therefore, the error A is greater than the 
greatest possible error which could be obtain- 
ed, a manifest absurdity, but one which cannot 
be avoided as long as A is anything.' 

The term direction is introduced into this 
treatise without being defined ; but it is re- 
garded as a simple idea, and to be as incapable 
of definition as lengthy breadthj and thickness ; 
and this innovation will probably be pardoned, 
when it is seen how much it contributes to the 
brevity and simplicity of demonstration, which 
I have every where studied. 

' - ' ' BENJAMIN PEIRCE. 
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Page V. first line of Contents, for proportions read propontion$. 

Page 7, afler line 5, insert e. One direction may be rrferred to 
another by the angle which a line having the former direction maket 
with a line having the latter direction. 

Page 30, line 2, for BC read BD. 
«* 31, " ^6, for 23 read 53. 
« 33, " 6, for E read M, 
" 33, « 27, for AB read ABD. 
" 56, « 3, for common read mean, 
*< 59, « 20, for altitude te^d^ altitudes. 

Page 63, line 4, after polygons insert offAe same number of sides. 

Page 109. Art. 337. The demonstration here given requires that 
the angle 8BA be a right angle, or an obtuse angle, and cannot there- 
fore be extended to the case in which A8B is right or obtuse, so that 
the following demonstration must be substituted for it, beginning with 
the fifth line. 

Draw SD making the angle C8D equal to C8B, Draw any line 
AC. Take 8B equal to 8D; join BC and BA, The triangles 8CIh 
and 8CB are equal, by art. 51, and CD = CB, But, by art. 18, 
AC<^AB -\-BC, and, subtracting BC=DC,we have AD < AB. 

JWno, the angle A8D must be less tlian A8B; for if A8D were 
equal to A8B, AD would, by art. 51, be equal to AB; and tfit were 
greater, draw 8F in the plane ofA8D, making A8F = A8B, and 
8F=^8B= 8D, whence, by art. 51, AF = AB. Join DF, and in 
the isosceles triangle 8DF we have, by art. 55, the angle 8DF = 
8FD, but 8DF > ADF and 8FD < AFD, and therefore the angle 
AFD > ADF, and, by art. 62, we should have AD > AF; but we 
have seen already that AD << AF; so that the point F cannot faU 
upon 8E without the triangle AD 8, nor can it be within this tri' 
angle, as at H or at E, for AF-{- F8'^AD^DS, whereas, by 
art. 40, AH + HS < AD + D8. The angle A8B must, therefore, 
be greater than A8D, and A8B + B8C must be greater than A8D 
+ D8C or A8C. 

Page 117, line 4, for any read any right. 

^ *< 117, ** 12, {or a parallelopiped rezd a right parcdlelopiped, 
« 121, «« 10, for 8M read 8H, 



EXPLANATION OF SIGNS AND OF SOME USEFUL PRO- 
POSITIONS IN THE DOCTRINE OF PROPORTIONS. 



The sign -|- is plus, or added to. Thus, A -{- B ia A 
added to B. 

The sign — is minus, or less. Thus, A — B ia A less B. 

The sign X is multiplied by. Thus, A y, B \a A multi- 
plied bj B ; and the period {.)'i& also the sign of multipli- 
cation. 

The sign -r- or : is divided by. Thus, A -^ B ot A : B 
is A divided by jB. The quotient of A divided by B vfi^y 

also be written ~. 

B 

The sign = is equal to. Thus, A=iB\s A equal to B \ 
and the expression in which this sign occurs is called an 
equation. 

The sign > is greater than. Thus,- J[ '^ B \s A greater 
than B. 

The sign < is less than. Thus, ^ < 5 is ^ less than B. 

A^ indicates the second power of -4, A^ the third pouh 
er, &c. 

A ratio or fraction is the quotient of one quantity divided 
by another, and is usually written with the sign (:). Thus 
the ratio ot A to B is A : B, or it may just as well be writ- 

ten in the form of a fraction, as — . . 

B 

The first term of a ratio is called the antecedent, and the 
second the consequent. Thus, A is the antecedent of the 
preceding ratio, and B its cohsequent. 

The value of a ratio is not altered by multiplyiug or di- 
viding both its terms by the same number. Thus, A : B ik 
equal ijo m X A : m X B. 



' 



XViii EXPLANATION OF SIGNS, iCC. 

A proportion is the equation formed by two equal ratios. 
Thus, if the two ratios A : B and C : D are equal, the 

equation A : B ^=^ C : D 

is a proportion, and it may also be written 

A _C 

B~D 

The first and latst terms of a proportion are called its 
extremes; and the second and third its means. Thus, A. 
and D are the extremes of this proportion, and B and C its 
means. 

If the fractions of the preceding proportion are«redu6ed to 
a common denominator, they give 

AXD ^ BXC 
BXD BXD* 

or, omitting the common denominator, 

A X DzzzB X C; 

that is, the product of the means of a proportion is equal to 
the product of its extremes. This proposition is called the test 
of proportions. 

For, if four quantities are such that the product of the 
first and last (f them is equal to the product of the second 
and third, these four ^quantities form a proportion. 

Thus, if j1, B, C, D are such, that 

^ X i> == JB X C, 
we have, by dividing hy B X D, 

AXD _ B X C 

BXD BXD* 
which, reduced to lower terms, is 

^:^%orA:B = C:D; 

Ja U 

that is. A, B, C, D form a pro{)ortion. 
In like manner, we have 

A : C=B:D 

B:A==D:C 

B :D z=A:C, &c. 
or, the terms of a proportion may be transposed in any way, 
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EXPLAlTATIOir OF SIGNS, &C. XIX 

provided the product of the means is retained equal to thai 
of the extremes. 

If both the means of the proportion are the same quan« 
tity, this mean is called the mean proportional between the 
extremes. Thus^ if 

A , B =^ B \ D, 

^ is a mean proportional between A and D, and we hare, 

by the test, B^ = A X D \ 

or, B.=z^/Ay^D\ 

that is, the mean proportional between two quantities is the 
square root of their product, 

A succession of sever al equal ratios is called a continued 
propoxtion. Thus, 

A\B= C : D ^ E : F, &c. 

is a continued proportion* 

If we denote the value of each of these ratios by M, we 
have 

3f= A :jB = C:i>, &c. 

whence 

A=:B X M 

C=D X:M 

E =z FX M,&.c. 

and the sum df these equations is 

A + C+E + &.c.z={B + D + F+ &c.) X M. 

whence « 

A + C + E + &.C. ,^ A C E ^ 

B + D + F + &LC. B D F' 

that is, in a continued proportion the sum of any number rf 
antecedents is to the sum of the corresponding consequents as 
one antecedent is to its consequent. 

And, in like manner, it is evident that either antecedent 
may be subtracted, provided the corresponding consequent is 
also subtracted. 

The application of these results to the proportion 

A:B = CiD 

gives A + C: B+D = AiB=:C:D 

A — C :B — D=zA:B = C:D 



XX EXPLANATION OF SIGNS, ilC. 

whence A + C : B + D = A—C : B—I^, 
or A + C : A — C =: B+D : B—D \ 

that is, the sum of the antecedents of a proportion is to the* 
sum of the consequents, as the difference of the antecedents 
is to the diffefence of the consequents^ or as either antecedent 
is to its consequent. 

Likewise, the sum of the antecedents is to their difference 
as. the sum of the consequents is to their difference. 

' If the proportion A : B = C : D- 
is written A : C = B : D, 

and the preceding rules applied, we have 

A+B:C+D=::A — B:C—D — A:C=^JS:I>, 

and A + B:A — B:=s C+D: C—Di 

that is, the sum of the first two terufs of a proportion is to 
the sum of the last two, as the difference of the first two terms 
is to the difference of the last two, and as the first term is to 
the third, or as the second is to the fourth. 

Likewise, the sum of the first two terms is to their differ^ 
ence, as the sum of the last two is to their difference. 

Two proportions, as 

A:B = C:D 
and 

E:F= G:H, 

may evidently be multiplied together term by term, and the 
result 

A X E '. B X F = C X G = D X H 

is a new proportion. ' 

Likewise, a proportion may be multiplied by itself any 
number of tijnes in succession, and tlu squares^ cubes, fourth 
powers, Sfc. of the terms form a new proportion. Thus, the 

proportion A : B = C : D 

gives A^:B^ = C^:D^ 

A^:B^=zC^:B^ 
A^:B^ = C^: />*, &c. &c, 



INTRODUCTION. 



. An Axiom is a proposition, the truth of which is 
self-evident. 

A Theorem is a truth which becomes evident by 
a process of reasoning, called a denwnstration. 

A Problem is a question proposed which requires a 
solution. 

A Lemma is a subsidiary truth employed in the 
demonstration of a theorem, or in the solution of a 
problem. 

A Corollary is a consequence which follows from 
one ot several propositions. 

A Scholium is a remark upon one or more proposi- 
tions which have gone before, tending to show their 
connexion, their restriction, their extension, or the 
manner of their application. 

A Hypothesis is a supposition made either in the 
enunciation of a proposition, or in the course of a 
demonstration. 



k 



GEOMETRY. 



CHAPTER I. 

GENEIULL REMARKS AND DEriKITIOMS. 

1.. Definition. Geometry is the Science of Posi^ 
tion and Extension. 

2. Definition. A Point has merely position, with- 
out any extension. 

3. Definition. Extension has three dimensions; 
Length, Breadth, and Thickness. 

4. Definition. A Ldne has only one dimension, 
namely, length. 

6.. Definition. A Surface has two dimensions; 
length and breadth. 

6. Definition. A Solid has the three dimensions of 
. extension ; length, breadth, and thickness. 

7. Scholium, The boundaries of solids are surfaces, 
the limits of surfaces are lines, and the extremities of 
lines are points. 

The Point, then, on account of its simplicitj, deserves our 
&8t consideration. 



V 



PLANE GEOMETBT. [CH. II. ^ 10. 



The PoflitioD of a Point; its Direction and Distance. 



CHAPTER II. 

THE POINt!^ 

8. The Position of a Point is determined by its 
Direction and Distance from any known point j in 
other words, the Elements of its Position are Direc- 
tion and Distance. 

Remarks, The Direction of a Point is readily ascertain- 
ed without any change in the position of the observer, 
whereas the determination of its distance is oflen more 
difficult, as it requires some change of place proportionate 
to the distance to be measured ; thus, the direction of a 
star is seen at a glance, while the most profound s(;ience 
and the most accurate observations have not enabled the 
astronomer to ascertain its distance. 

9. The Direction of a Point from the observer may 
be determined by a reference to some known direc- 
tion, such as that of the zenith, the pole-star, &c. 

The method by which one direction may thus be referred 
to another will be more definitely treated of in a succeeding 
article. 

10. The Distance of a Point from the observer 
is the length of the shortest line drawn to the two 
points; and it may be determined by a reference 
to some known length, such as an inch, a yard, a 
metre, a mile, 6cc, 
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The DirectioD of a Line ; the Straight and Cunred Linea; the Plane. 



CHAPTER III. 

THE STRAIGHT LINK. 

11. Definition, The Direction of a Line in any 
part is the direction of a point at that part from the 
next preceding point of the line. 

a. Thus the direction of the line AB (fig. 1) at P is the 
same as the direction of P from O, 

b. In the same way, the direction of the line at P is the 
same as that of O from P, or the opposite direction to the 
preceding ; and, consequently, a line has two different di- 
rections exactly opposed to each other^ either of which may 
be assumed as the direction of the line. 

12. Definition, A Straight line is one, the direc- 
tion of which is every where the same, as AB (fig. 2). 

13. Definitions. A Broken or Polygonal Line is 
one, which is Composed of straight lines, as ABCD 
(fig. 3). - 

A Curved Liiie is one, the direction of which is 
constantly changing, as AB (fig. 1). 

14. Definition, A Plane is a surface in which any 
two points being taken, the straight line joining those 
points lies wholly in that plane. 

15. Axiom. The direction of any point of a straight 
line from any preceding point, is the same as the 
direction of the line itself, 

Thus the direction of P or B (fig. $J) from Jf or ^ is the 
same as that of the line AB^ 

1** 
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Shorteit way between two Potnts. The Angle. 

16. Theorem,. The position of a straight line is 
determined by means of two points. 

For, by the preceding axiom, these two points determine 
its direction. 

17. Theorem, All the points which lie in the same 
direction from a given point are in the same straight 
line. 

Demonstration, Thus, if P and M (fig. 2) are ip the 
same direction from A^ the two straight lines AP and AM 
must likewise, by art. 15, have the same direction, and must 
consequently coincide in the same straight line. 

18. Axiom, A straight line is the shortest way 
from one point to another. 



CHAPTER IV. 

THE ANGLE. 

19. Definitions, An Angle is the difference of di- 
rection of two straight lines meeting or crossing each 
other. 

The Fer^e^ of the angle is the point where its sides 
meet. 

^ a. The magnitude of the angle does not depend upon 
the length of its sides. Thus the angle formed by the two 
hnes AB and AC (fig. 4) is not changed by shortening or 
lengthening either or both of these lines. 



CH. IV. ^^23.] THE ANGLE. 



Right add Acute Angles ; Complemeot* and Supplement of an Angle. 

b. The method of denoting the angle is by the three letters 
BACf the letter A which is at the vertex being placed in 
the middle; or the letter A may be used by iiself, when this 
can be done without confusion. 

20. Definition. When one-straight line, as AB (fig. 5), 
meets or crosses another, as CD, so as to make the two 
adjacent angles ABC and ABD equal, each of these . 
angles is called a Right angle, and the lines are said 
to be perpendicular to each other. 

21. Definitions, An Acute angle is one less than a 
right angle, as A (fig. 4). 

An Obtuse angle is one greater than a right angle, 
as A (fig. 6). 

22. Definitions. The Complement of an angle is 
the remainder, after subtracting it from a right angle. 

The Supplement of an angle is the remainder, after 
subtracting it from two right angles. 

23. Theorem. When one straight line, as AB (fig. 7), 
meets or crosses another, CD, the two adjacent angles, 
APC and APD, are supplements of each other, and 
the vertical angles, APD and BPC, are equal to 
each other. 

Demonstration, a. For if the perpendicular PM be 
erected, we have, by inspectipn,^ 

APC + APD = MPC + MPD 

== two right angles. 

b. In the same way, APC and BPC may be proved to 
be supplements of each other ; and therefore APD and 
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Adjacent and Vertical Angles. Sum of all the Anglea about a Point. 

■ 

BPC must be equal, since they ha?e the same supplement 
APC. 

In the same way, it may be shown that APC and BPD 
are equal. « 

c. Corollary. If either of the angles APCy APD, BPC, 
or BPD is a right angle, the other three must also be right 
angles. 

d» Scholium, As a straight line has two different direc- 
tions exactly opposed to each other, it is not unfrequently 
'considered as making an angle with itself equal to two right 
angles. 

• 

24. Corollary. If/ the two adjacent angles APC 
and APD (fig. 8) are supplements of each other, 
their exterior sides PC and PD must be in the same 
straight line. 

25. Theorem. The sum of all the successive angles 
APB, BPC, CPD, DPE (fig. »), formed in a plane, 
on the same side of a straight line AE, is equal to 
two right angles. 

Demonstration. For it is equal to the sum of the two 
right angles APM, MPE, formed by the perpendicular 
AE. 

26. Theorem, The sum of all the successive an- 
gles APB, BPC, CPD, DPE, and EPA (fig. 10), 
formed in a plane about a point, is equal to four right 
angles, - 

Demonstration, For it is equal to the sum qf the four 
right angles MPN, NPM', MPN', N'PM, formed by the , 
two perpendiculars MM! and NN'. 
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i ' .• 

[ Parallel Lines cannot meet. Angles are equal whose Sides are Parallel. 

CHAPTER V. 

PARALLEL LINES. 

27. Definition, Parallel Lines are straight lines 
which have the same Direction, as AB, CD (fig. 11). 

28. Theorem, Parallel lines dannol meet, however 
far they are produced. 

Demonstration. Thus the two lines AB and CD (fig. 11) 
cannot meet at P; for, if two straight 4ines are drawn 
through P, in the same direction, they must coincide and 
form one and the same straight line. 

29. Theorem. Two angles, as A and B (fig. 12), 
are equal, when they have their sides parallel and 
directed the same way. 

Demonstration, For, as the directions of BD and, BF 
are respectively the same as those of -4C and AB^ the di- 
rection of BD relatively to BF must be the same as that of 
AB relatively, to AC\ so that, if BD is placed upon AC^ 
BF will fall upon AE, and the angles will coincide. 

30. Theorem. If two parallel lines AB, CD 
(fig. 13) are cut by a third straight line £JF, the 
external-internal angles, as EMB and END, or 
BMP and DNF, are equal, and the alternate-inter- 
nal- angles, as AMN and MND, or BMN and 
MNCj are also equal. 

Demonstration, a. The external-internal angles are equal, 
because their sides have the same direction. 
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ADgles made by a Line cutting Parallel Lines. 

b. The alternate-internal angles are equal, as AMN aqMij 
MNDf because AMN is, * by art. 23, equal to its vertical 
angle EMB, which has just been proved equal to MND. 

31. Theorem. If two straight lines, lying in the 
same plane, as AB, CD (fig. 13), are cut by a third, 
EF, so that the angles EMB and END are equal, or 
AMN and MND are equal, &c. ; the lines AB, CD 
must be parallel. 

Demonstration. For the line, drawn through the point 
M parallel to CD, must make these angles equal, and must 
therefore coincide with AB. 

32. Theorem. If two parallel lines AB, CD 
(fig. 13) are cut by a third straight line EF, the two 
interior angles on the same side, as BMNaxid MNDj 
are supplements of each other. 

Defdonstration. For BMN is, by art. 23, the supplement 
of its adjacent angle EMB, .which is equal to MND. 

I 

33. Theorem. If two straight lines, lying in the 
same plane, as AB and CD (fig. 13), are cut by a 
third, jE?F, so that the angles BMN and MND are 
supplements of each other, the lines AB, CD must 
be parallel. 

Demonstration. For the line, drawn through the point M 
parallel to CD, oflust make these angles supplements to each 
other, and must therefore coincide with AB. 

34. Theorem. If a straight line is perpendicular 
to one of two parallels, it must also be perpendicular 
to the other. 

Demonstration. Thus, ii EMB (fig. 14), is a right anglci 
its equal END must also be a right angle. 
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Equal Oblique Lines. 
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35. Theorem. Re.ciprocally, if two straight lines, 
lying in the same plane, are perpendicular to a third, 
they are parallel. 

Demonstration, For the line, drawn through the point M 
parallel to CD, must be perpendicular to EF, and must 
therefore coincide with AB. 

36. Theorem. If two straight lines, as AB, CD 
(fig. 16), are parallel to a third, EF, they are parallel 
to each other. 

Demonstration. For, by the definition of parallel lines, 
they have the same direction with this third, and are there- 
fore parallel. 



CHAPTER VI. 

PERPENDICULAR AND OBLIQUE LINES. 

37. Theorem. Only one perpendicular can be 
drawn from a point to a straight line. 

Demonstration. For, if two perpendiculars are erected 
in the same plane, at two different points, M and P (fig. 16) 
of the line AB; they are parallel, by art. 34, and cannot 
meet at any point, as C 

38. Theorem. Two oblique lines, as CE and CF 
(fig. 17), drawn from the point C to the line AB, Sit 
equal distances DE and DF fiom the perpendicular 
CD, are equal. 



12 PLANE GEOmCTRT. [CH. VI. ^ 40. 

Shortes'. Distanc ; from a Line. 

Demonstration. For, if CDB be folded over upon CDA^ 
DB will fall upon DAy because the right angles CDB and 
iJDA are equal ; the point F will fall upon E, because DF 
and DE are equal ; and the straight lines CF and CE will 
coincide. 

39. Theorem. 'A perpendicular measures the short- 
est distance of a point from a straight line. 

Demonstration, Let the perpendicular CD (fig. 18) and 
the oblique line CF be drawn from the point C to the line 
AB. Produce CD to E, making DE equal to DC, and 
join FEy we shall, by art. 18, ha?e 

CE<FC-\'FE. 
But 

CE = ^ CD, 
and > 

FC+FE = ^FC, 

for FC and FE are equal, because they are oblique lines 
drawn from the point F to the line CE at equal distances 
DC and DE from the perpendicular. 

Therefore 

2CD<2 FC, 
or 

CD < FC, 

40. Lemma. The sum of two lines, as CA and 
CB (fig. 19), drawn to the extremities of the line 
AB, is greater than that of two other lines DA and 
DBf similarly drawn, but included by them. 

Demonstration. Produce DA to E. 
We have,*by art 17, 

AC+CE:^AD + DE, 
and 

DE-^-BE^DB. , 
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Oblique Lines unequally Distant from the Perpendicular. 



The sum of these inequalities is 

AC+CE + DE + BE>AD + DE + DB, 

QT, Striking out ' the common term DE, and substituting for 
CE + BE, its equal BC, 

AC+BC>AD + DB, 

41. Theorem, Of two oblique lines, CF and CG 
(fig. 18), drawn unequally distant from the perpen- 
dicular, the more remote is the greater. 

Demonstration. For, the figure being constructed as in 
art. 39, and GE being joined, we have, by the preceding 
proposition, 

GC+ GE::>FC+FE; 

or, as in art. 39, 

2G0 2FC, 

and 

GC > Fa 

42. Theorem. If from the point C the middle of 
the straight line AB (fig. 20), a perpendicular EC be 
drawn : — 

1. Any point in the perpendicular £C is equally 
distant from the two extremities^ of the line AB, 

2. Any point without the perpendicular, as Fy is at 
unequal distances from the same extremities A and B. 

Demonstration, 1. The distances EA and EB are equal, 
since they are oblique lines drawn at equal distances CA and 
CB from the perpendicular AB, 

2. The distance FA is greater than FB ; for 

FA = FE + EA 

= FE + EB 

while FE + EB> FB, 

2 
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Polygon, Triangle, Square. 

CHAPTER VII. 

SIDES AND ANGLES OF POLYGONS. 

43. Definitions. A plane figure is a plane termi- 
nated on all sides by lines. 

If the lines are straight, the space which they con- 
tain is called a rectilineal figure, or polygon (fig. 21), 
and the sum of the bounding lines is the perimeter of 
the polygon. 

44. Definitions. The polygon of three sides is the 
most simple of these figures, and is called a triangle; 
that of four sides is called a quadrilaieral ; that of 
five sides, a pentagon ; that of six, a hexagon, &c. 

45. Definitions. A triangle is denominated equi- 
lateral (fig. 22), when the three sides are equal, isos- 
celes (fig. 23), when two only of its sides are equal, 
and sculene (fig. 24), when no two of its sides are 
equal. 

46. Definitions. A right-triangle is that which 
has a right angle. The side opposite to the right 
angle is called the hypothenuse. Thus ABC (fig. 25) 
is a triangle right-angled at A, and the side BC is 
the hypothenuse. • « 

47. Definitions. Among quadrilateral figures, we 
distinguish 

The square (fig. 26), which has its sides equal, and 
its angles right angles. (See art. 72.) 
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Rectangle, Parallelogram, Rhombus, Trapezoid, Diagonal. 



The rectangle (fig. 27), which has its angles right 
angles, without having its sides equal. 

Hhe parallelogram (fig. 28), which has its opposite 
sides parallel. 

The rhombus or lozenge (fig. 29), which has its 
sides equal without having its angles right angles. 

The trapezoid (fig. 30), which has two only of its 
sides parallel. 

48. Definition. A diagonal is a line which joins the 
vertices of two angles not adjacent, as AG (fig. 30). 

49. Definitions. An equilateral polygon is one 
which has all its sides equal ; an equiangular polygon 
is one which has all its angles equal. 

50. Definition, Two polygons are equilateral tvith 
respect to each other, when they have their sides 
equal, each to each, and placed in the same order; 
that is, when, by proceeding round in the same di- 
rection, the first in the one is equal to the first in the 
other, the second in 4he one to the second in the 
other, and so on. 

In a similar sense are to be understood two poly- 
gons equiangular with respect to each other. 

The equal sides in the first case, and the equal 
angles in the second, are called homologous. 

51. Theorem. Two triangles are equal, when two 
sides and the included angle of the one are respective- 
ly equal to two sides and the included angle of the 
other. 

Demonstration. In the two triangles ABC, DEF (fig. 31), 
let the angle A be equal to the angle D, and the sides AB, 
AC, respectively equal to DE, DF. 
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First and Second Cases of Equal Tnangles. 

Place the side DE upon its etjual AB. DF will take 
the direction AC, because the angle D is equal to the angle 
A ; the point F will fall upon C, because DF is equal to 
AC\ and the lines FE and BC will coincide, since their 
extremities are the same points. The triangles will therefore 
coincide, and must be equal. 

52. Corollary, Hence, when two sides and the 
included angle of one triangle are respectively equal 
to those of another, the other side and angles are also 
equal in the two triangles. 

53. Theorem, Two triangles are equal, when a 
side and the two adjacent angles of one triangle are 
respectively equal to those of the other. 

Demonstration. In the two triangles ABC, I)EF 
(fig. 31), let the side AB be equal to the side DE^ and the 
angles A and B respectively equal to D and E. 

Place the side DE upon the side AB, The side DF 
will take the direction AC, because the angle D is equal io 
A \ the side EF will take the direction JBC, because the 
angle E is equal to B ; and the point JP, falling at once in 
each of the lines AC and BC, must fall upon their point of 
intersection C, The triangles will therefore coincide, and 
must be equal. 

54. Corollary, Hence, when a side and the two 
adjacent angles of one triangle are respectively equal 
to those of another, the other sides and angle are also 
equal in the two triangles. 

b^. Theorem, In an isosceles triangle the anglesj 
opposite the equal sides are equal. 
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£qaal Angles of the Isosceles Triangle. 

Demonstration, la the isosceles triangle ABC (fig. 32), 
let the equal sides be AB and BC. 
Let the line BD be drawn so as to bisect the angle 

ABa 

Then the two triangles ADB and DBC will be equal, 
since they have the two sides ABy BD, and the included 
angle ABD, respectively equal to the two sides BC, BD, 
and the included angle DBC; and the angle A will be 
equal to C. 

56. Corollary, An equilateral triangle is also equi- 
angular. 

57. Theorem, The line BD (fig. 32), which bi- 
sects the angle B, at the vertex of an isosceles tri- 
apgle, «js perpendicular to the base^^and bkects the 
base. > • J V 

Demonstration, a. For, on account of the equality of the 
triangles ABD and BCD, AD must bd-^^iralCb^I^C. 

6. Moreover, the angles BDA and BDC are equal, and 
are therefore right angles by the very definition of the right 
angle in art. 20. 

58. Theorem. If, in a triangle, two angles are equal, 
the opposite sides are also equal, and the triangle is 
isosceles. 

Demonstration, In the triangle ABC (fig. 32), let the 
angle A be equal to the angle C, 

Invert the triangle, and place it in the position BVA ; 
and, as the two, triangles ABC and CBA have the side AC 
and the adjacent angles A and C of the one respectively 
equal to CA and the adjacent angles C and A of the other, 
their other sides must be equal, or BC must be equal to 
BA. 

2* 
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Third Case of Equal Triangles. 

59. Corollary, An equiangular triangle is also equi- 
lateral. 

60. Lemma. Two different triangles cannot be 
formed on a given line AB (fig. 33), of which the 
sides, AD and DB, are respectively equal to CA and 
CB, and terminate at the same extremities of AB. 

Demonstration. Foff first, the vertex D of one triangle ' 
cannot fall within the other triangle ACB, as in fig. 19, 
because, by art. 40, AD -{- DBjnusi in this case be less 
ihM AC +CB. 

Secondly. If D falls without "/ICB, as in fig. 33, the tri- 
angles A CD and BCD are isosceles, since AC is equal to 
AD and BC is equal to BD. 

Hence jtJa^ a^JU ACD = ADC, 

and ti^^Li^^ii^BCD = BDC\ 

but this is impossible ; for of the first members of these equa- 
tions &AjLC^^^^^ ACD > BCD 

while of the second members 

Uji^>O^LjCcADC<BDC ^ 

61. Theorem. When two triangles are equilateral 
with respect to each other, they must he equal, and 
must also be equiangular with respect to each other. 

Demonstration. Let ABC and DEF {iig. 31) be the 
triangles, whose sides AB, BC, and AC ^xe, respectively 
equal to DE, EF, and DF. 

If DE is placed upon AB, the point JF' must by the pre- 
ceding proposition fall upon C, and the triangles must coin- 
cide. 

62. Theorem. Of two sides of a triangle, that is 
the greater which is opposite the greater angle ; and 
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The greatest Side of a Triangle opposite the greater Angle. 
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conversely, of two angles of a triangle, that is the 
greater which is opposite the greater side. 

Demonstration. 1. Suppose the angle 0>jB(fig. 34). 
Draw CD so as to make the angle BCD = B. 

Thin will BD = CD 

and AB = AD-]- DB=:AD + DC 
But AD + DC > AC 

Hence ^ AB > AC. 

2. Conversely. Suppose AB'^AC, the angle Cmust be 
greater than B; for if C were equal to or less than B, AB 
would, by art. 61 and the preceding demonstration, be equal 
to or less than AC, 

4 

63. Theorem. Two right triangles are equal, when 
the hypothenuse and a side of the one are respective- 
ly equal to th« hypothenuse and a side of the other. 

Demonstration, Let ABC and DEF (fig. 35) be the 
right triangles, of which the hypothenuse ^C is equal to 
DF, and AB equal to DE. 

Place DE upon ABy EF will fall upon CB produced; 
since the right angles ABG and DEF are equal. An 
isosceles triangle CAG is thus formed, and AB being per- 
pendicular to its base, divides it, by art. 57, into the two 
equal triangles ^BC and ABG, 

64. Theorem, The sum of the three angles of any 
triangle is equal to two right angles. 

Demonstration, Let ABC (fig. 36) be the given triangle. 
Produce AC to I>, and draw CE parallel to AB. 

The angles ABC and BCE, being alternate-internal 
angles, are equal, and BAC and ECD, being external- 
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internal angles, are equal, Hence the sum of the three 
angles of the triangle is equal to ACB -|- BCfi •\- ECD, 
or, by art. 25, to two right angles. 

65. Corollary. Two angles of a triangle being given, 
or only their sum, the third will be known by sub- 
tracting the sum of these angles from two right 
angles. 

66. Corollary. If two angles or one triangle are 
respectively equal to two angles of another trian- 
gle, the third of the one is also equal to the third 
of the other, and the two triangles are equiangular 
with respect to each other. 

67. Corollary. In a triangle, there can only be one 
right angle, or on^ obtuse angle. 

68. Corollary. In a right triangle, the sum of the 
acute angles is equal to a right angle. 

69. Corollary, An equilateral triangle, being also 
equiangular, has each of its angles equal to a third of 
two right angles, or § of one right angle. 

70. Corollary. In any triangle ABC, if we produce 
r^^ihe side A^ toward D, the exterior angle BCD is 

equal to the sum of the two opposite interior angles 
A and C, /'- 

71. Theorem. The sum of all the interior angles 
of a polygon is equal to as many times two right 
angles as it has sides minus two. 

. Demonstration. Let ABODE, &€• {fig. 37), be the given 
polygon. 
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Sum of the Angles of a Polygon. » 

Draw from either of the vertices, as A, the diagonals 
AC, AD, AE, &c. 

The polygon will obviously be divided 'into as many tri- 
angles as it has sides minus two, and the sum of the angles 
of these triangles is the^same as that of the angles of ^e 
polygon. But the sura of ^he angles of each triangle is, 6^ 
art. 64, equal to two right angles ; and, consequently, the 
sum of all their angles is equal to as many time's .two right 
angles as there aredtriaflgles, that is, as there are sides to 
the polygon minus two. 

72. Corollary, The sum of the angles of a quadri- 
lateral is equal to two jright angles multiplied by 4 — 2; 
which makes four right angles ; therefore, if all Jhe 
angles of a quadrilateral are equal, each 'of them will 
be a right angle, which justifies the definition of a 
square and rectangle of art. 47. 

m 

73. Corollary. The sum of the angles of a penta- 
gon is equal to two right angles multiplied by 5 — 2, 
which makes 6 right \' angles ; therefore, when a 
pentagon is equiangular, each angle is the fifth of six 
right angles, or f of one right angle. 

74. Corollary. The sum of the angles of a hexagon 
is equal to 2 X (6 — 2), or 8 right angles; there- 
fore, in an equiangular hexagon, each angle is the 
sixth of eight right angles, or ^ of one right angle. 
The process may be easily extended to other poly- 
gons. 

75. Scholium. If we would apply this proposition 
to polygons, which have any angles whose vertices 
are directed inward, as CDE (fig. 38), each of these 
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The Diagonal of a Parallelogram bisects it. 

angles is tp be considered as greater than two right 
angles. But, in order to avoid confusion, we shall 
confine ourselves in future to those polygons, which 
have angles directed outwards, and which may be 
called convex polygons.. Every convex polygon is 
such, that a straight line, however drawn, cannot, 
meet the perimeter in more than two points. -f-4 

76.- Theorem. The diagonal of •4)arallelogram di- 
vides it into two equal triangles. • 

Demonstration. Let ABCD (fig. 39) be the parallelogram 
and AC its diagonal. 

The two triangles ABC and ADC are equal, since they 
have the side ^C com men, the angle BAC= ACD^ by 
art. 30, on account of the parallels AB and CD, and BCA 
= CAD, on account of the parallels BC and AD, 

77. Theorem. The opposite sides of a parallelo- 
gram are equal, and the opposite angles are equal. 

Demonstration. For the triangles ^J5Cand ACD (fig. 39) 
being equal, their sides BC and AB are respectively equal 
to AD and DC; and the angle ABC = ADC. In the 
same way it might be proved that BAD = BCD. 

78. Corollary. Two parallel lines comprehended 
between two other parallel lines are equal. 

79. Theorem. If, in a quadrilateral ABCD (fig. 39), 
the opposite sides are equal, namely, AB =■ CD, and 
AD z=z BC, the equal sides are parallel, and the figure 
is a parallelogram. 

Demonstration. For the triangles ABC and ACD are 
equal, having their three sides respectively equal ; and 
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Parallel Lines at Equal Distances throughout. 



therefore ACB = CAD^ whence BC is parallel to AD, 
by/^t. 31; and BAC = ACDj whence AB is parallel to. 
CD. 

80. Theorem. If two opposite sides AB, CD 
^fig. 39) of a quadrilateral are equal and parallel, the 
two other sides are also equal and parallel, and the 
figure ABCD is a parallelogram. 

Demonstration, For the triangles ABC and ACD are 
equal, since they have the side AC common, the side 
BC='AD, and the included angle BCA = CAD, on ac- 
count of the parallelism of BCsind AD; and therefore 
; AB and CD must.be equal and parallel. 

81. Theorem. Two parallel lines are throughout 
at the same distance from each other. 

Demonstration. The two parallels AB and CD (fig. 40), 

being given, if through two points taken at pleasure we 

erect, upon AB the two perpendiculars EG and FH, the 

straight lines EG, JPif will, by art. 34, be perpendicular to 

CD ; and they are also parallel and equal to each other, by 
arts. 35 and 78. 

82. Theorem. The two diagonals of a parallelo- 
gram mutually bisect each other. 

Demonstration, For the triangles (fig- 41) ADO and 
BOC are equal, since the side BC = AD, and the angles 
OCB = OAD, and OBC = ODA, on account of the 
parallelism of BC and AD; therefore AG = OC and 
BO = OD. 

83. Corollary. In the case of the rhombus (fig. 42), the 
triangle A OB and AOD are equal, for the sides AB =i * 
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The Circle, Radius, Diameter. 

AD, BO = DO, SLTid'AO is common; therefore the an- 
gles AOB and AOD are equal, and, as they are adjacent, 
each of them must, by definition, art. 20, be a right angle, 
80 that the two diagonals of a rhombus bisect each other atj 
right angles. 



CHAPTER ¥111. 

THE CIRCLE AND THE MEASURE OF ANGLES. 

84. Definitions, The circutnference of a circle is 
a curved line^ all the points of which are equally 
distant from a point within, called the centre. 

The circle is the space terminated by this curved 
line. 

85. Definitions, The radius of a* circle is the 
straight line, as AB^ ACj AD (fig. 43), drawn from 
the centre to the circumference. 

The diameter of a circle is the straight line, as 
jSZ>, drawn through the centre, and terminated each 
■way by the circumference. 

86. Corollary, Hence, all the radii of a circle 
are equal, and all its diameters are also equal, and 
double of the radius. 

87. Theorem. Every diameter, as BD (fig. 43), 
bisects the circle and its circumference. 

Demonstration, For if the figure BCD be folded over 
upon the part BED, they must coincide ; otherwise there 
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Inscribed Lioes. 



would be points in the one or the other unequally distant 
from the centre. 

w 88. Definition, A semicircumference is one half of 
" the circumference, and a semicircle is one half of the 
t circle itself. 

L 89. Definition, An arc of a circle is any portion of 
its circumference, as BFE. 

90. Definition. The chord of an arc is the straight 
line, as BE, which joins its extremities. 

91. Theorem, Every chord is less than the diam- 
eter. 

Demonstration, Thus BE (fig. 43) is less than DjB. 
For, joining AEy we have BD = BA -\- AE, but BE< 
BA -f. AE, therefore BE < BD. 

92. Definition, A straight line* is said to be in- 
scribed in a circle, when its extremities are in tlfe 
circumference of the circle. 

93. Corollary, Hence the greatest straight line 
which can be inscribed in a circle is equal to its 
diameter. 

94. Theorem, A straight line cannot meet the cir- 
cumference of a circle in more than two points. 

Demonstration, For, by arts. 38 and 41, only two equal 
straight lines can be drawn from the san^e point to the same 
straixrht line. 

:i-4-^ - 

95. Theorem, In the same circle, or in. equal cir- 
cles, equal angles ACB, DCE (fig. 44), which have 

3 
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Angles propoi'tional to their Arcs. 

their vertices at the centre, intercept upon the cir- 
cumference equal arcs ylJ5, DE. 

Demonstration. Since the angles DCE and ACB are J 
equal, one of them may be placed upon the other; and J 
since their sides are equal, the point D will fall upon Ay and ' 
the point E upon B. The arcs AB and DE must there- 
fore coincide, or else there would be points in one or the 
other unequally distant from the centre. 

96. Theorem. Reciprocally if the arcs AB^ DE 
(fig. 44) are equal, the angles ACB and DCE must 
be equal. 

Demonstration, For if the line CE be drawn, so as to 
make an angle DCE equal to ACB, it must pass through 
the extremity E of the arc i>JB, which is equal to AB. 

97. Theorem. Two angles, as ACB, ACD (fig. 
46), are to each j)ther as the arcs AB, AD inter- 
cepted between their sides, and described from their 
vertices as centres, with equal radii. 

Demonstration, Suppose the less angle placed in the 
greater, and suppose the angles to be to each other, for ex- 
ample, as 7 to 4 ; or,, which amounts to the same, suppose 
the angle AC a, which is their common measure, to be con- 
tained 7 times in ACD, and 4 times in ACB; so that the 
angle ACD may be divided into the 7 equal angles AC a, 
aCb, bCc, &.C., while the angle ACB is divided into the 
4 equal angles AC a, &lc. 

The arcs AB and AD are, at the same time, divided 
into the equal parts A a, ah, be, &.C., of which AD con- 
tains 7 and AB ^; and therefore these arcs must .be to 
each other as 7 to 4, that is, as the angles ACD and ACB. 
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IniiQitely Smaih Quantities. Measure of Angles. 

98. Scholium, The preceding demonstration does not 
strictly include the case in which the two. angles are tn- 
cammensurable, that is, in which they have ho common 
divisor. The divisor AC a, instead of being contained an 
exact number of times in the given angles ACB^ ACD, 
is, in this case, contained in one or each of them a 
certain number of times plus a remainder less than the 
divisor. So thftt if these remainders be neglected, the angle 
ACa will be a common divisor of the given angles. 

Now the angle ACa may be taken as small as we please; 
and therefore the remainders, which are neglected, may be 
as small as we please ; less, then, than any assignable quan- 
tity, less than any conceivable quantity, that is, less thait any 
possible quantity within the limits of human knowledge. 
Such quantities can, certainly, be neglected, -as "xlust on 
the balance ; " and the above demonstration is thus extended 
to the case of incommensurable angles. 

99. The principle, involved in the reasoning just given, is 
general in its application ; and, may be stated as follows, 
using the term infinitely small quantity io denote a quan- 
tity less than any assignable quantity.. 

Axiom. Infinitely small quantities- may be neg- 
lected. 

100. Corollary, Since the angle at the centre of a circle 
is proportional to the arc included between its sides, either 
of these quantities may be assumed as the measure of the 
other ; and we shall, accordingly, adopt the arc as the 
measure qf the angle. . 

But when different angles are compared with each other, 
the arcs, which- measure them, must be described with equal 
radii. 
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Degree, Minute, Second, &c. ; Quadrant. 
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t ' 101. Definitions, In order to compare together 
different arcs and angles, every circumference of a 
circle is supposed to be divided into 360 equal arcs 
called degrees^ and marked thus (^). For instance, 
60^ is read 60 degrees. 

Each degree is divided into 60 equal parts, called 
minutes, and marked thus (O* ' 

Each minute is divided into 60 equal parts called 
seconds, and marked thus (''). 

When extreme minuteness is required, the division 
is sometimes extended to thirds and' fourths, &c., 
marked thus (''^), {''''), &c. 

A quadrant is a fourth part of a circumference, 
and contains 90^. 

Scholium. As all circumferences, whether great or small, 
are divided into the same number of parts, it follows that a 
degree, which is thus made the unit of arcs, is not a fixed 
value, but varies for every different circle. It merely ex- 
presses the ratio of an arc, namely, ^|^^ to the whole cir- 
cumference of which it is a part, and not to any other. 

102. Corollary, The angle may be designated by the 
degrees and minutes of the arc which measures it ; thus the 
angle which is measured by the arc of 17° 28' may be called 
the angle of \T 28': 

103. Corollary, The right angle is then an angle of 90", 
and is measured by the quadrant. 

104. Corollary. The angle which is measured by the arc 
of one degree, that is, the angle of 1° is then ^ of a right 
angle, and has a fixed value, altogether independent, in its 
magnitude, of the radius of the arc by which it is measured^ 



J* 



CH. VIII. <^ 106.] THE CIRCLE AND ANGLES. 29 

The Inscribed Angle. 

n *m I I I ■ 1^ ■ ■ ■ I ■■ Ill I ■■■■ ■ ■ ■ I I I !■■ ■■! ■■■■■■» — ^■^.^■■■M ■— ^—1 ^— ii^»^«^B.^— — «^— M^ 

The same is the case with an angle of any other value, 
80 t^at the arcs AD, AD', A"D", .&.c. (fig, 46), of the 
same number of degrees, all measure the isarae angle C, the 
vertex of which is at their common centre. 

105. Definitions. An inscribed angle is one, whose 

vertex is in the circumference of a circle, and which 

is formed by two chords, as BAC (fig. 47). 
An inscribed triangle is a triangle whose three 

angles have their vertices in the circumference of the 

circle. 

And, in general, an inscribed figure is one, all 

whose angles have their vertices in the circumference 

of the circle. In this case the circle is said to be 

circumscribed about the figure. ^ 

106. The inscribed angle BAC (figs. 47, 48, 49) 
has for its measure the half of the arc BC compre- 
hended between its sides. 

Demonstration, \, If one of the sides is a diameter, as 
I AC (fig. 47), O being the centre of the circle. 

Join J50. Then the triangle AOB is isosceles, for the 
radii AO, BO are equal. Therefore the angles OAB and 
DBA are equal, and the exterior angle BOC being equal 
to their sum, by art. 70, is equal to the double of either of 
them, as .B-4C BAC is, therefore, half of BOC and 
has half it^ measure, or half of BC. 

2. If the centre O falls within the angle, as in (fig. 48.) 
Draw the diameter AOD; and, by the above, BAD has 

for its measure half of BD, and DAC hM of DC; so 
that BAD + DAC or BAC has for its measure half of 
BD + DC, or half of BC. 

3. If the centre O falls without the angle, as in (fig. 49.) 

3* ' 
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Draw the diameter ISIOD ; and BAD — DAC, or BAC 
h^8 for its measure half of B^ — DC, or half of JBC 

/^ 

107. Corollary. All the angles BAC, BDC (fig. 

50), &/C., inscribed in the same segment are equah 

I 

Demonstration, For they have each for their measure- the 
half of the same arc BEC 

108. Corollary, Every angle BAD (fig. 51) in- 
scribed in a semicircle is a right angle. 

Demonstration. For it has for its measure the half of the. 
semicircum fere nee BED, or a quadrant. 

109. Corollary. Every angle BAC (fig. 50) inscribed in a 
' ^ segment greater than a semiciroie is an acute angle, for it 

has for its measure the half of an arc BEC less than a 
semicircumference. 

110. Corollary, Every angle BEC inscribed in a seg- 
ment less than a semicircle is an obtuse angle ; for it has 
for its measure the half of an arc greater than a semicir- 
cumference. 

111. Theorem, In the same circle, or in equal cir- 
cles, equal arcs are subtended by equal chords. 

Demonstration. Let the arc AB (fig. 52) be equal to the 
arc BC. 

' Join AC; and, in the triangle ABC, the angles \4 and 
C are equal, for they are measured by the halves of the 
equal arcs BC and AB. The triangle ABC is therefore 
isosceles, by art. 58, and the chords AB and BC are equal. 

.112. 7%corcm. Conversely, in the same circle, or 
ia equal circles, equal chords subtend equal arcs. 
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Perpendicular at the Middle of a Chord. 



Demonstration., Let the chord AB (fig. 52) be equal to 
tfaeMkord BC. 

IR AC; and in the isosceles triangle ABC ihe angles 
A and C must be equal, by art. 55, and also the arcs AB 
and BC, which are double their measures. 






. 113. Theorem, In the same circle, or in equal cir- 
! cles, if the sum of two arcs •be less than a circum- 
ference, the greater arc is subtended by the greater 
chord ; and, conversely, the greater chord is subtend- 
ed by the greater arc. 

. 

Demonstration, or. Let the arc BC (fig. 53) be greatef 

than the arc AB. 
I Join ^C; and th% angle ^^IC, being measured by half 
i the arc BC, is greater jffCAy which is measured by half of 

AB; and therefore, by art. 62, the chord BC is greater 
' AB. 

b. Conversely. Suppose the chord BC > AB. 

Join AC\ and, by art. 62, BAC^ BCA, and, therefore,. 
i the arc BC double the measure of BAC is greater than 
i the arc AB double the measure of SCA. 

114. Corollary. If the sum of the two arcs is 
greater than" a circumference, the greater arc is sub- 
tended by the less chord, and the less arc by the 
greater chord. 

Demonstration. Suppose the arc BCNA > BANC 

Take iliVC from each, and we have the arc BC > BA^ 
tod consequently, by the preceding proposition, the chord 
Be of the less arc BANC is greater than the chord BA 
of the greater arc BCNA. 
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Secant aud Tangent Lines. 

116. Theorem. The radius CG (fig. 54), perpen- 
dicular to a chord AB, bisects this chord and tlMUC 
subtended by it. *W 

Demonstration, a. Draw the radii CA and CB, and these 
we equal oblique lines drawn to the chord AB. They are, 
therefore, by art. 38, at equal distances from the perpen- 
dicular, or AD = DB. . 

hi Since the line GC is a perpendicular erected at the 
middle of the straight line AB^ any point of it, as Cr, is,^bj 
art. 4?, at equal distances from its extremities, that is, the 
chords AG and 'GB are equal ; and therefore, by art. Ill, 
the arcs A G and GB are equal. 

* 

116. Corollary. The perpendi^Iar erected upon 
the middle of a chord passes tffrough the centre, and 
also through the middle of the arc subtended by the 
chord. 

117. Definition, A secant is a line which meets 
the circumference of a circle in two. points, as AB 
(fig. 55). 

118. Definitions, A tangent is a line, which has 
only one in common with the circumference, as CD. 

The common point M is called the point of con- 
tact. 

Also two circumferences are tangents to each other 
(fig. 56 and 57), when they have only one point 
common. 

A polygon is said to be circumscribed about a circle, 
when all its sides are tangents to the circumference ; 
and in this case the circle is said to be inscribed in 
the polygon. 
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119. Theorcfttr, The direction of the tangent is the 
same as that of the circumference at the point of con- 
tact. 

Demonstration. Draw through the point M (fig. 55) the 
secant ME and the tangent MD. M 

If the secant ME is turned around the point (^so as to 
diminish the angle EMD, the secant 3IE will approach the 
tangent 3/^, and the point E will approach the point M. 
When 3fE is turned so far as to pass through the point P 
next to 31, the angle DME will be infinitely small, since P 
is at an infinitely small distance from M] and the line ME 
will approach infinitely near the tangent MD, that is, it will, 
by art. 99, coincide with this tangent, which has therefore, 
by art. 11, the same direction with the circumference at Jf. 

^ "'120. Theorem, The tangent to a circle is perpen- 
dicular to the radius drawn to the point of contact. 

Demonstration, The radius OM = ON (fig. 58) is short- 
er than any other line, as OP, which can be drfiwn from 
the point O to the tangent MP ; i^ is therefore, by art. 39, 
perpendicular to this tangent. 

i 121. The angle BAC (fig. 59), formed by a tan- 
1 gent and a chord, has for its measure half the arc 
■ BMA comprehended between its sides. 

I Demonstration, a. Draw the diameter AD, and we have 

BAC= D AC— DAB. 
Bat DAC being a right angle, by art. 120, has for its meas- 
ure half of a semicircumfcrence, as AElj^ also liAD has, by 
art. 106, for its measure half of the arc BD. The measure 
of BAC is therefore 

i {ABD T- BD) = i AMD, 
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6. In the same way, it may be iShown that BAE has for 
its mea»ure half the arc BD%, ^ 

122. Theorem, The angle BAC^ formed by two 
secants (iig. 60), two tangents (fig. 62), or a tangent 
and a secant (fig. 61), and which has its vertex with- 
out the circumference of the circle, has for its measure 
half the concave arc BMC intercepted between its 
sidqs, minus half the convex arc DNE. 

, Demonstration, Join BE ; and as BBC is an exterior 
angle of the triangle ABE, wc have, by art 70, 

BEC = ABE + BA C, 
whence 

BAC= BEC — ABE. 

But the measure of BEC is half of BMC^ and that of ABE 
is half of DNE; therefore the measure oLB AC 19 

i BMC— i DNE. 

Scholium, In applying the preceding demonstration to 
(figs. 61 and 62), the letters B and D must denote the same 
point ; and in (fig. 62) the letters C and E must also denote 
the same point. 

123. Theorem. The angle J5 .4 C (fig. 63), formed 
by two chords, and which has its vertex between the 
centre and the circumference, has for its measure half 
the arc EC contained between its sides plus half the 
arc DE contained between its sides produced. 

Drnnonstration. Join BE ; and, as BAC is an exterior 
angle of the triangle ABE, we have, by art. 70, 

BAC=BEA + ABE. 
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Tangent Circumferences. 
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But the measure of BE A is, by art. 106, half of BC ; 
and that of ABE is half of DE; therefore the measure of 
BAC is 



iBC+iDE. -47- 



124. Two parallels AB and DC (figs. 64, 65, 66), 
intercept upon the circumference equal arcs AD, BC. 

Demonstration. Join BD. The alternate-internal angles 
ABD and BDC are equal, by art. 30 ; and therefore, the 
arcs AD and BC, the double of their measures, are equal. 

Scholium. In applying this demonstration to (figs. 65 and 
66), the letters A and B must denote the same point ; and 
in (fig. 66) the letters D and C must also denote the saror 
point. 

125. Corollary. The arcs AD and BC (fig. 66) being 
•equal naust be semicircumferences, and the chord BC must 
be a diameter. 

126. Theorem. When the circumferences of two 
circles cut each other, the line AB (fig. 67), which 
joins their centres, is perpendicular to the middle of 
the line CD, which joins their points of intersection. 

Demonstration. For if a perpendicular be erected upon 
the middle of the chord CD, it must, by art. 116, pass 
through the centres A and B of both the circles of which 
CD is a chord. 

1?7. Theorem. When two circumferences are tan- 
gents to each other, their centres and point of contact 
are in the same straight Vwn^ perpendicular to their 
common tangent at the point of contact. 
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Position of h i oint in a PInne. 

Demonstration, o. If the centres of two circumferences 
which cut each other {fig, 67) are removed from each other, 
until the points C and D of intersection approach infinitelj 
near to each other, the circles will become tangent, as in 
(fig. 56), the chord CD of (fig. 67) will become the tangent 
CD of (fig. 56) ; and as both the radii AM and MB are 
perpendicular to their common tangent, these radii must 
be in the same straight line. 

b. In the same way, the centres of the circles (fig. 67) 
may be brought near to each other until the circles are tan- 
gents, as in (fig. 57), and the same reasoning may be here 
applied to prove that the line ABM, perpendicular to the 
common tangent at M, passes through both the centres 
A and B, * 



CHAPTER IX. 

PROBLEMS RELATING TO TUE FIRST EIGHT CHAPTERS. 

w 

128, Problem, To find the position of a point in 
a plane, having given its distances from two known 
points in that plane. 

Solution. Let the known points be A and B (fig. 68)* 
From the point ^ as a centre, with a radius equal to the 
distance of the required point from A, describe an arc. 
Also, from the point ^ as a centre, with a radius equal to 
the distance <>} the required point from B, describe an arc 
cutting the former arc ; and the point of intersection C is 
the required poiat. 
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To Bisect a Line ; to Erect a Perpendicular. 



Scholium, By the same process, another point ./> may 
also be found which is at the given distances from A and B, 
and either of these points therefore satisfies the condkicMia 
of the problem. 

129. Corollary. If both the radii were taken of equal 
magnitudes, the points C and D thus found would be at 
equaLdistances from A and B. 

130. Scholium, The problem is impossible, when the sum 
of the given distances is less than the distance between the 

known points. 

* 

131. Scholium. If the required point is to ~be at equal 
distances ffom the known polbt^ its distance from either of 
them must be greater than half the distance between the 
known points. 

132. Problem. To divide a given straight line AB 
(fig. 69) into two equal parts; that is, to bisect it. 

Solution, Find, by art. 129, a point C at equal distances 
from the extremities A and B of the given line. Find also 
another point D, either above or below the line, at equal 
dJBtances from A and 6. Through C and D draw the line 
CD, which bisects AB at the point E, 

Demonstration. For the perpendicular, erected at E to 
the line AB, must, by art. 42, pass through the points C 
and D, and must therefore, by art. 16, coincide with the 
line CD. 

133. Problem, At a given point A (fig. 70), in the 
line BCj to erect a perpendicular to this line. 
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To let fall a Perpeodicular ; to wake a given Arc, or Angle. 

Solution. Take the points B and C at equal distances 
from A ; and find a point D equally distant from B and C. 
Join ill>, and it is the perpendicular required. 

Demonstration. For tlie point D roust, by art. 42, be a 
point of the perpendicular erected at A. 

134. Problem, Prom a given point A (fig. 71), 
without a straight line BC, to let fall a perpendicular 
upon this line. 

Solution. From ^ as a centre, with a radius sufficiently 
great, describe an arc cutting the line BC in two points 
B, C; find a point 1> equally distant from B and C, and the 
line AVE is the perpendicular required. 

Demonstration. For the points A and D, being equally 
distant from B and C, must, by ait. 42, be in this perpen- 
dicular, y f 

135. Problem. To make an arc equal to a given 
arc AB (fig. 72), the centre of which is at the given 
point C 

Solution. Draw the chord AB. Fronj any point 1> as a 
centre, with a radius equal to the given radius CA, describe 
the indefinite arc PH. From JP as a centre, with a radius 
equal to the chord ABy describe an arc cutting the arc FH 
in H, and we have the arc PH= AB. 

Demonstration. For as the chord ^J5 = the chord PJJ, 
it follows, from art. 1 12, that the arc AB = the arc PH. 

136. Problem. At a given point A (fig. 73), in the 
line AB, to make an angle equal to a given angle X. 

Solution. From the vertex K, as a centre, with any radius 
describe an arc IL meeting the sides of the angle ; and from 
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To Bisect an Arc or Angle. To draw d Lias Parallel to a given one. 

the point A as, a centre, by the preceding problem, make an 
arc 5C equal to IL. Draw AC, and we have A = K, 

Demonstration. For the angles A and K being, by art. 
100, measured by the equal arcs BC and IL, are equal. - 

137. Problem. To bisect a given arc AB (fig. 74). 

Solution. Find a point D at equal distances from A and 
B. Through the point D and thq centre C draw the line 
CD, which bisects the arc AB at E. 

Demonstration. Draw the chord AB. Since the points 
D and C are at equal distances from A and B, the line DC 
is, by art. 132, perpendicular to the middle of the chord 
ABy and therefore by art. 116, it passes through the middle 
E of the arc AB. 

138. Problem. To bisect a given angle A (fig. 76). 

Solution. From -A as a centre, with any radius, describe 
aaarc BC, and, by the preceding problem, draw the line 
AE to bisect the arc BC, and it also bisects the angle A. 

Demonstration. The angles BAE and U^C are equal, 
for they are measured by the equal arcs BE and EC. 

139. Problem. Through a given point A (fig. 76), 
' to draw a straight line parallel to a given straight 

line BC. 

I Solution. Join EA, and, by the preceding problem, draw 
' AD, making the angle EAD = AEF, and AD is parallel 
^ to BC, by art. 31. 

140. Problem. Two angles of a triangle being 
given, to find the third. 
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To consti'uct*a Triangle and Right Triangle. 

Solution, Draw the line ABC (fig. 77). At any point B 
draw the line BD, making the* angle DBC equal to one 
of the given angles, and draw BE^ making EBD equal to 
the other given angle, and ABE is the required angle. 

Demonstration, For these three angles are, by art. 25, 
together equal to two right angles. 

141. Problem. Two sides of a triangle and their 
included angle being given, to construct the triangle. 

Solution. Make the angle A (fig. 78) equal to the given 
angle, take AB and AC equal to the given sides, join BC, 
and ABC is the triangle required. 

142. Problem. One side and two angles of a tri- 
angle being given, to construct the triangle. 

Solution. If both the angles adjacent to the given side 
are not given, the third angle can be found by art. 140. 

Then draw AB (fig. 78) equal to the given side, and 
draw AC and BC, making the angles A and B equal to the 
angles adjacent to the given side, and ABC is the triangle 
required. 

143. Problem The three sides of a triangle being 
given, to construct the triangle. 

.Solution. Draw AB (fig. 78) equal to one of the given 
sides, and, by art. 128, find the point C at the given dis- 
tances AC and BC from the point C, join AC and BC, and 
ABC is the triangle required. 

144. Scholium. The problem is impossible, when one of 
the given sides is greater than the sum of the other two. 

145. Problem. To construct a right triangle, when 
a leg and the hypothenuse are given. 



r 
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To construct a Parallelogram. To find the Centre of a Circle. 



Solution, Draw AB (fig. 79) equal to the given leg. At 
A erect the perpendicular ACy from JB as a centre, with a 
radius equal to the given hypothenuse, describe an arc cat- 
ting AC at C Join BC^ and ABC is the triangle re- 
quired. 

.146. Problem. The adjacent sides of a parallelo- 
gram and their included angle being given, to con- 
struct the parallelogram. 

Solution, Make the angle A (fig. 80) equal to the given 

angle, take AB and ^C equal to the given sides, find the 

' point D, by art. 128, at a distance from B equal to AC, 

and at a distance from C equal to AB, Join BD and DC, 

and ABCD is, by art. 79, the parallelogram required. 

147. Corollary, If the given angle is a right angle, the 
figure is a rectangle ; and, if the adjacent sides are also 

' equal, the figure is a square. 

148. To find the centre of a given circle or of a 

given arc. 

i 

Solution, Take at pleasure three points A, B, C (fig. 81) 
on the given circumference or arc ; join the chords AB and 
EC, and bisect them by the perpendiculars DE and JPO; 
the point O in which these perpendiculars meet is the centre 
required. 

Demonstration, For, by art. 116, the perpendiculars DE, 
and FG must both pass through the centre, and it must 
^ therefore be at their point of meeting. 

Scholium. By the same construction a circle may 
be found, the circumference of which passes through 

4* 
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To draw a Tangent to a Circle. 

tkree given points not in the same straight line, or in 
which a given triangle is inscribed. / i 

149. Problem. Through a given point, to draw a 
tangent to a given circle. 

Solution, a. If the given point A (fig. 82) is in the cir- 
eumference, draw the radius CA, and through A draw AD 
perpendicular to CA, and AD is, by art. 120, the tangent 
required. 

6. If the given point A (fig. 83) is without the circle, 
join it to the centre by the Hue AC; upon ilC as a diameter 
describe the circumference AMCN, cutting the given eir- ' 
cumference in M and N; join AM and AN, and they are 
the tangents required. 

.Demonstration, For the angles AMC and ANC are right 
angles, being inscribed in semicircles, and therefore AM , 
and AN are perpendicular to the radii MC and NC at their I 
extremities, and are, consequently, tangents, by art. 120. ' 

150. Corollary. The two tangents AM and AN are ! 
equal ; for the right triangles AMC and ANC are equal, 
by art. 63, since they have the hypothenuse -4C common, ! 
and the leg JXfC equal to the leg NCj and, therefore, the 
othw legs AM and AN are equal. 

151. Problem, To inscribe a circle in a given tri- 
angle ilfiC (fig. 84). 

Solution. Bisect the angles A and B by the lines ^O and 
BO, and their point of intersection O is the centre of the 
required circle, and the perpendicular OD let fall from 0* 
npon the side AC is its radius. 

Demonstration, The perpendiculars OD, OE, and OF 
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To inscribe a Circle in a Triangle. 

let fall from O upon the sides of the triangle are equal to 
each other. For, in the right triangles OAD and OAE 
the bjpothenuse OA is common ; the angle OAD = OAE 
by construction ; and the third angle AOD = AOE, by 
art. 66; the triangles are, therefore, equal, by art. 53; and 
OD is equal to OE, In the same way it may be proved that 

OF^ OB = OE, 

Hence the circumference DFE passes through the points 
i>, F, Ef and the sides are tangents to it, by art. 120. 

152. Corollary. The three lines AO, BO, and CO, 
which bisect the three angles of a triangle, meet at the same 
point 

153. Problem. Upon a given ; straight line AB 
(figs. 85 and 86), to describe a segment capable of con- 
taining a given angle, that is, a segment such that 
each of the angles inscribed in it is equal to a given 
angle. 

Solution. Draw BF, making the angle ABF equal to the 
given angle. . Draw BO perpendicular to BF, and OC 
perpendicular to the middle of AB. From O, the point of 
intersection of OB and OC, with a radius OB =: OA, 
describe the circumference BMAN, and BMA is the seg- 
ment required. 

Demonstration. Since BF is perpendicular to BO, it is 
a tangent to the circle, and therefore the angles AMB and 
ABF are equal, since they are each, by arts. 106 and 121, 
measured by half the arc ANB. 

154. Scholium. If the given angle Were a right angle, the 
segment sought would be a semicircle described upon the 
diameter AB. 
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To find the Ratio of two Lines. 

165. Problem. To find a common measure of two 
given straight lines, AB, CD (fig. 87), in order to 
express their ratio in numbers. 

Solution, a. The method of finding the common divisor 
is the same as that given in arithmetic for two numbers. 
Apply the smaller CD^ to the greater AB, as many times as 
it will admit of; for example/ twice with a remainder BE. 

Apply the remainder B£ to the line CD, as many times 
as it will admit of; twice, for example, with a remainder 
DF. 

Apply the second remainder DF to the first BE, as many 
times as it will admit of; once, for example, with a remain* 
der BG, 

Apply the third remainder BG to the second DF, as 
many times as it will admit of. 

Proceed thus till a remainder arises, which is exactly 
contained a certain number of times in the preceding. 

This last remainder is a common measure of the two 
proposed lines ; and, by regarding it as unity, the values of 
the preceding remainders are easily found, and, at length, 
those of the proposed lines from which their ratio in num- 
bers is deduced. 

If, for example, we find that 6?^ is contained exactly 
three times in FD, GB is a common measure of the two 
proposed lines. 

b. Let GB—l] 

and we have 

FD=zSGB = d, 

EB=^hFD + GB =3-{'l =4, 

CD = 2. JEJjB + J7) = 8 + 3 = 11, 

AB =:2.CD + EB = 22 + 4 = 26; 
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To divide a Line into equal Parts. 



consequently, the ratip of the lines AB, CD is as 26 to 11 ; 
that is, AB is f f of CD, and CD is ^i of AB. 

166. Corollary. By a like process, may be found 
the ratio of any two quantities, which can be succes- 
sively appHed to each other, hke straight lines, as, for 
instance, two arcs or Iwo angles. 



CHAPTER X. 

PROPORTIONAL LINES. 



M 



167. Theorem. If lines aa^, hh', c&^ &c. (fig, 88), 
are drawn through two sides AB^ AC of a triangle 
ABCy parallel to the third side JBC, so as to divide 
one of these sides AB into equal parts Aa, ab, &c., 
the other side ^C is also divided into equal parts 
ilfl', a'6^, ifcc. 

Demonstration. Through the points a', 6', c', &c. draw 
the lines a'ni, b'n, c'o, &/C. parallel to AB. 

The triangles A a a', a'mb\ b'nc'y &c. are equal, by art. 
53; for the sides a'm, b'n, c'o, &lc. are, by art. 78, respec- 
tively equal to ab, be, cd, &c., and are therefore equal to 
each other and io Aa\ moreover, the angles a A a', ma'b', 
nb'c\ &c. are equal, by art. 29, .and likewise the angles 
A a a', a'inb'y b'nc\ &c. Consequently, the sides Aa'^ a'b', 
^c', &/C. are equal. 

158. Problem. To divide a given straight line AB 
(fig. 89) into any number of equal parts. 
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A Line drawn Parallel to a Side of a Triangle. 

Solution. Suppose the number of parts is, for example, 
six. Draw the indefinite line AO; take ^C of any con- 
venient length, apply it six times to ilO.. Join B and the 
last point of division D by the line BD, draw CE parallel 
to DB, and AE, being applied six times to AB, divides 
into six equal parts. 

Demonstration. For if, through points of division of AD, 
lines are drawn parallel to DB, they must, by the preceding 
theorem, divide AB into six equal parts, of which AE is 
one. 

159. Theorem. If a line iD^ (fig- 90) is drawn 
through two sides ABj AC of a triangle ABC, parallel 
to the third side BC, it divides those two sides pro- 
portionally,, so that we have 

AD:AB = AE: AC. 

Demonstration. Suppose, for example, the ratio of AD : 
AB to be as 4 to 7. AB may then be divided into 7 equal_« 
parts ^ a, ah, hc,.&LC., of which ^J^CQntains 4; and if 
lines a a', hh', cc\6lc. are drawn parallel to BC, AG is 
divided into 7 equal parts Aa', d'h', h'c', &c., of which AE 
contains 4. The ratio o^ AE io AC is, therefore, 4 to 7, 
the same as that of AD : AB. 

160. Corollary. In the same way 

AD : BD = AE : EC. 
and 

BD : AB = EC : AC 

161. Scholium. The case in which AD and AB are 
incommensurable, is included in the preceding demonstra- 
tion by the reasoning of art. 98. 
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Division of a Line into Pa ts proportional to given Lines. 

162. .Theorem. Conversely^ if a line DE (fig. 90) 
is drawn so as to divide two sides AB^ AC of a tri- 
angle proportionally, this line is parallel to the third 
side BC, 

Demonstration. For the line drawn through the point D 
paralkl to BC must, by the preceding proposition, pass 
through the point E^ so as to divide the side ^C propor- 
tionally to AB, and must therefore coincide with the pro- 
posed line DE. 

163. Problem. To divide a given straight line AB 
(fig. 91) into two parts, which shall be in a given 
ratio, as in that of the two lines m^to n. 

Solution, Draw the indefinite line AO. Take AC •=. m 
and CD^ = n. Join DB, through C draw CE parallel to 
DB ; and E is the point of di?ision required. 

Demonstration. For, by art. 160, 

AE: EB = ACiCD = m:n. 

164. Problem. To divide a given line AB (fig. 92) 
into parts proportional to any given lines, as m, w, 

Solution. Draw the indefinite line AO. Take 
AC = m, , CD = n, DE = o, &c. 

Join B to the last point E, and draw CO, DD', &c. 
parallel to BE. C, D', fcc. are the required points of 
division. 

Demonstration. For, if AE is divided into parts equal 
each of them to the greatest common divisor of m, ti, o, 
&c. ; and if, through the points of division, lines are drawn 
parallel to BE ; it appears, from inspection, as in art. 159, 
that 
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To find a Fourth proportional to three given Lines. 

AC : CD' = AC:CD =zmin. 

and that 

CD' : D'B = CD : DE = n:o; 

or, as they may be written for brevity, 

AC : CD' : D'B = m : n : o, 

166. Problem. To find a line, to which a given 
line AB (fig. 93) has a given ratio, as that of the lines 
m to n ; in other words, to find the fourth propor- 
tional to the three lines m, w, and AB. 

Solution, Draw the indefinite line A^^ take 

AC = m, AD t= n. 

Join CB, draw DE parallel BC, and AE is the required 
line. 

Demonstration, For, by art. 159, 

AB:AE^AC:AD = m: n. 

Corollary, By making n equal to AB in the preceding 
solution, we find a third proportional to the two lines m and 
AB, 

166. Problem. To divide one side BC (fig. 94), 
of a -triangle ABC into two parts jiroportional to the 
other two sides. 

Solution, Draw the line AD to bisect the angle BAC^ 
and D is the required point of division, that is, 

BD : DC=AB: AC, 

Demomtration, Produce BA to JS, making AE equal to 
AC, Join CE. 

< 

Then the angles ACE and AEC are equal, by art. 55; 
and the exterior angle CAB of the triangle ACE is 



I 
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To divid« one Side of a Triangle into parts proportional to other Sides. 

equal to ACE + AEC, or to 2 CEA, and, as DAB k half 
of BAC, we have 

DAB = i (2 CEA) = CEA ; 

Ind, therefore, by art 31, AD is parallel to CE, and,* by 
art. 160, 

BD:DC=BA:AE, 
or, since AE ssz AC, 

BD:DC=BA:Aa 

167. Problem, Through a given point P (fig. 95) 
in a given angle A, to draw a line so that the parts 
intercepted between the point and the sides of the 
angle may be in a given ratio. 

Solution. Draw PD parallel to ilJB. Take 2>C in the 
same ratio to ^D as the parts of the required line. Through 
> C and P draw CPE, and this is the required line. 

Demonstration, For, by art. 160, 

CP:PE=iCD: DA. 

168. Corollary, When 1>C is taken equal to AJP, PC is 
equal to PE. . 
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Similar Polygons and Arcs. Altitude. 






CHAPTER XI, 

SIMILAR POLYGONS. 

169. Definition. Two polygons ate similar, which 
are equiangular with respect to each other, and have 
their homologous sides proportional. 

170. Definition. In different circles, similar arcs 
are such as correspond to equal angles at the centre. 
Thus the arcs AD, A'D', &c. (fig, 46) are similar. 

171. Definitions, T^Yiq altitude of a parallelogram 
is the perpendicular, which measures the distance 
between its opposite sides considered as bases. 

The altitude of a triangle is the perpendicular, as 
AD (fig. 96), which measures the distance of any 
one of its vertices, as A, from the opposite side BC 
taken as a base. 

The altitude ^ of a trapezoid is the perpendicular 
EF (fig. 97) drawn between its two parallel sides. 

172. Theorem. Two triangles ABC, DEP {&%. 

98), which are equiangular with respect to each other, 
are similar. 

Demonstration. Place the angle D upon its equal A ; E 
> must fall upon E'j and E upon F' ; and FE' is parallel to 
to BCf because the angles AE'F' and ACB are equal. 
Hence, by art. 159, 

AE' .ACt=^AF' :AB, 
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Equiangular Triangles are similar. Owes of similar Triangles. 



that is, 

DE:AC=DF:AB. 

\ In the same way, it may be proved that 

DE:AC=EF\BC=DF:AB. 

173. Corollary, Hence, and from art. 66, it follows 
that two triangles are similar, when they have two 
angles of the one respectively equal to two angles 
of the other. 

174. Corollary. Two right triangles are similar, 
when they ^ave an acute angle of the one equal to 
an acute angle of the other. 

175. Theorem. Two- triangles are similar, when 
they have the sides of the one respectively parallel to 

J . those of the other. 

Demonstration. If the side AB (fig. 98) is parallel to 
DF, and AC to DE, the angle A is, by art. 29, equal to D \ 
and, if, moreover, BC is parallel to EF, the angles B and 
i^are equal, and the angles C and E are equal; so that the 
triangles '^jBC and DEF are equiangular, and therefore 
similar. 

176^ Corollary, The parallel sides are homologous. 

177. Theorem. Two triangles are similar, when 
the sides of the one are equally inclined to those of 
the other, each to each, as ABC, DEF (fig. 99). 

Demonstration, For if one of the triangles is turned 
around, by a quantity equal to the angle made by the sides 
of the one with those of the other, the sides of the two tri- 
angles become respectively parallel, and they are, therefore, 
by art. 175, equiangular and similar. 
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Cases of similar Triangles. 



178. Corollary. Two triangles are similar, when 
the sides af the one are respectively perpehdicular to 
those^ of the other, and the perpendicular sides are 
homologous. 

179. Theorem. Two triangles ABC, DUF (fig. 
98) are similar, if they have an angle A of the one 
equal to an angle D of the other, and the sides in- 
cluding these angles proportional, that is, 

AB : DF = AC : DE. 

Demonstration. Place the angle D upon A^ E falls upon 
E\ and Fupon F ; and E'F is parallel to BC, by art. 162, 
because 

AB:AF = AC:AE'. 

Hence, by art. 30, the angle C = AE'F' ~=^ E, 
and B = AF'E' = F; 

that is, the triangles ABC and DEF are equiangular, and, 
by art. 172, similar. 

180. Theorem. Two triangles ABC, DEF(6g.98) 
are similar, if they have their homologous sides pro- 
portional, that is,/ 

AB : DB =1 AC: DE. = BC : EF. 

Demonstration.' Take AE' = DE, and draw E'F' par- 
allel to BC. The triangles AE'F' and ABC are similar, 
by art. 175, and we are to prove that AE'F' is equal to 
DEF. 

Now, by art. 159, 

AE' : AC = AF' : AB, 
and, by hypothesis, 

DE or AE' : AC = DF : AB. 



r 
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Right Triangle divided into two similar Right Trianglei . 



Hence, on account of the common ratio AE^ : AC, 

AF' :AB = DF:AB; 

that is, AF' and DF are in the same ratio to AB, and are 
consequently equal. 

In the same way it may be proved that E'F' and EF, 
being in the same ratio to BC, are equal ; and as the tri* 
angle DFE has its sides equal to those of AE'F', it is equal 
to AE'F', and is, therefore, simikr to ABC. it 

181. Theorem, Lines ^F, ^6r,&c. (fig. 100), drawn 
at pleasure through the vertex of a triangle, divide 
proporiionaily the base BC and its parallel DE, so 
that 

DI : BF = IK : FG = KL : GH, &c. 

Demonstration, Since DI is parallel to BF, the triangles . 
ADI, ABF are equiangular, and give the proportion/ 

DI:BF=AI:AF; 

m 

also, since IK is parallel to FG, 

AI :AF=IK:FG; 
and, therefore, on account of the common ratio AI : AF 

DI:BF:=IK:FG.. 
It may be shown in like way, that 

IK:FG = KL: GH, &c. 

182. Corollary, When BC is divided into ec^ual parts, 
the parallel DE is likewise divided into equal parts. 

183 Theorem. The perpendicular AD (fig. 101) 
upon the hypothenuse BC oi the right triangle BAC 
from the vertex A of the right angle, divides the tri- 
angle into two triangles BAD, CAD, which are 
similar to each other and to the whole triangle BAC. 

5* 
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To find a Mean proportional. 



Demonstration, a. The right triangles BAC and BAD 
are Bimilar, by art. 174, for the acute angle B is common to 
them both. 

6. In the same way it may be shown, that DAC\a simi- 
lar to BAC, and, therefore, to BAD. 

184. Corollary. From the similar triangles BAD^ 
BAC, we have 

BD : BA = BAiBC, 

that is, th« leg £4 is a meaa proportional between 
thQ hypothenuse BC and the adjacent segment 
BD, 

a. In the same way ilCis a mtan proportional between 
BC and DC 

185. Corollary, From the similar triangles BAD^ 
CAD, we have 

BD : DA = DA: DC, 

or, the perpendicular DA is a mean proportional be- 
tween the segments BD, DC of the hypothenuse. 

186. Theorem. If from a point A (fig. 102), in 
the circumference of a circle, a perpendicular AD 
is drawn to the diameter jBC, it is a mean propor- 
tional between the segments BD, DC of the diam- 
eter. 

Demonstration. For if the chords AB, AC are drawn, 
the triangle BAC is, by art. 108, right-angled at A. 

187. Corollary. The chord BA is a mean proportional 
between the diameter J?Cand the adjacent segment BD. 
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I 1 m-y- ■__■ -^ jwi_.M , 

Intersectiog Chords. 

Likewise, J.C is a mean proportional between BC and 
and2>C. 

188. Problem. To find a mean proportional be- 
tween two given lines. 

' Solution, Draw the indefinite line AB (fig. 103). Take 
AC equal to one of the given lines, and BC equal to the 
other. Upon ^J3 as a diameter describe the semicircle 
ADB, At C erect the. perpendicular CD, and CD is, by 
art. 186, the required mean proportional. 

189. Theorem. The parts of two chords which 
cut each other in a circle are reciprocally proportional, 
that is (fig. 104), AO . DO = CO : BO. 

Demonstration. Join AD and CB. In the triangles 
ADD and COB, the angles AOD and COB are equal, 
bj art. 23; also the angles ^Z>0 and CBO are equal, by 
art. 107, because they are each measured by half the arc 
ACy and, therefore, the triangles AOD and COB are simi- 
lar, by art. 1 73, and give the proportion 

AO : DO=iCOx BO. 

190. Theorem. If, from a point O (fig. 105), taken 
without a circle, secants OA, OD be drawn, the en- 
tire secants AO and DO are reciprocally proportion- 
al to the parts BO and CO without the circle, 

that is, 

AO: DO = CO: BO. 

Demonstration. Join AC and BD. In the triangles 
ii OC and BOD, the angle O is common, and the angles 
BAC and BDC are equal, by art. 107; these triangles 
are, therefore, similar, by art. 173, and give the proportion 

AO: DO ^ CO '.BO. 
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To divide a Lin6 in Extreme and Mean Ratio. 

19) . Theorem. If, from a point O (fig. 106), taken 
without a circle, a tangent OC and a secant OA 
be drawn, the tangent is a ^ommon. proportional be- 
tween the entire secant aruTIhe part without the 
circle, that is, 

AO: CO =1 CO: BO. 

Demonstration, When, in (fig. 105), the secant OC is 
turned about (he point O until it becomes a tangent, as in 
(fig. 106), the points C and D must coincide, CO must be 
equal to DOy and the proportion (fig. 105) 

AO:DO=CO:BO, 

becomes (fig. 106) AO : CO = CO : BO. 

192. Problem. To divide a given line AB (fig. 107) 
at the point C in extreme and mean ratio, that is, so 
that we may have the proportion 

AB : AC = AC : CB. 

Solution. At B erect the perpendicular BD equal to half 
of AB. Join ADy take DE equal to BD, and AC equal 
to AE, and C is the required point of division. 

Demonstration. Describe the semicircumference tlBF 
with the radius DB to meet AD produced in jP; and, by 
the preceding proposition, 

AF:AB — AB:AE; 

and, by the theory of proportions, 

AB : AF— AB = AE:AB — AE 

But AB = 2.BD=: EF, 

and AE =: AC; 

hence AF— AB = AF— EF=: AE = AC, 

and AB — AE=:AB^AC=BC; 
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• 

Similar Polygons composed of similar Triangles. 

and the preceding prcportion becomes 

AB:AC=AC:Ba L 

> 

193. Theorem. If two polygons ABCDy &c., 
A'B'C^D'y &c. (fig. 108) are composed of the same 
number of triangles ABCy ACD, &c., A'B^C^ 
A!C'D'y &c. which are similar each to each%nd sim- 
ilarly disposed, the polygons are similar. 

Demonstration. Since the triangles ABC, &c. arc simi- 
lar to A'B'C, &c., their angles must be equal each to each. 
Hence the angle A of the first polygon^ which is the sum of 
the angles BAC, CAD, &c. is equal to the angle A^ of the 
second polygon, which is the sum of B'A'C, CA'Di, &c. 
Also B =B'y 

C = BCA + ACD = BOA' + ACD' = C, &c. ; 

the polygon^ are therefore equiangular with respect to each 
other. 

Their homologous sides are, moreoyer, proportional, for 
the similar triangles give 

AB : A'B' = BC : B'C, 
and BC : BC = AC : AC 

= CD : CD', &c. 
Hence, by art 169, the polygons are similar. 

194. Problem. To construct a polygon similar to a 
given polygon ABCt), <fcc. (fig. 108) upon a given 
line A^B^j homologous to the side AB, 

Solution. Join AC^AD, &c. Draw A'C, A'D\ &c., 
making the angles B'A'C == BAC, CAD = CAD, &c. 

Draw BC, making the angle ABC = ABC, and 
meeting A'C at C, Draw OD', making the angle ACD' 
= ACD, and meeting A'D' at D' ; and so on. 



58 PLANE GEOMETRT. [cil. XI. ^ 1%. 

To construct a Polygon similar to a pri^en one. 

The polygon A'B'OD', 6lc. thus constructed, is the re- 
quired polygon. 

Demonstration, For, by art. 173, the successive triangles 
A'B'C, A'OD', &c. are similar to ABC, ACD, &c. each 
to each, and therefore, by the preceding theorem, the poly- 
gons are ^milar. . 

195. Theorem. If the similar polygons ABCD^ 
&c, A'B'C[D',&c, (fig. 109) have a side AB of the 
one equal to • the homologous side A^B^ of the other, 
the polygons are equal. 

Demonstration. The polygons are, by art. 169, equi- 
angular ; they are also equilateral, for, by art. 169, the ratio 
of BC to B'C is the same as that of AB to A'B', or the 
ratio of equality; that is, BC= B'O, and, in the same 
way CD = OD\&lc. 

If, then, A'B' is placed upon ABy B'C will take the 
direction of BC, because the angle B' =^ O ; and O will fall 
upon C, because B'O = BC; and, in the same way it may. 
be shown, that D' falls upon D, E' upon E, &c. ; so that 
the polygons coincide, and are equal. 

196. Theorem. Two similar polygons ABCD, 
.&c., A^B'C'D^^ &c. (fig. 108), are composed of the 

same number of triangles ABC^ ACD^ &c., A'B'C'^ 
A'C'D'^ &^c.y which are similar each to each and 
similarly disposed. 

Demonstration. Construct upon A'B' homologous to AB, 
by art. 194, a polygon similar to ABCD, &c., and it must 
also be similar to A'B' CD' &c., and must therefore, by the 
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^ Ratio of the Perimeters of similar PolygODs. 

preceding propositioD, coincide with it ; so that A'B'OD'y 
&c. must, from art. 194, be composed of triangles similar 
and similarly disposed to those of ABCD^ d&c. 

197. Theorem. The perimeters of sinailar polygons 
are as their homologous sides. , 

Demonstration. From the definition of art. 169, the simi- 
lar polygons ABCDy &c. (fig. 108), A'B'CD', &c. give the 
proportion 

AB : AB' = BC : BO = CD : CD', &c. 

Now the sum of the antecedents of this continued propor- 
tion is AB+BC+CD + &.C., or the perimeter ofABCD 
&c., which we may denote by the letter P ; and the sum of 
the consequents is A'B' -\- B'C + ^D' + &c., or the pe- 
rimeter of A'B'CD', &c., which we may denote by P', 
Hence, from the theory of proportions, 

• 

P :P' = AB: AB' = BC : B'C, dtc. 

198. Theorem, If two homologous sides AB, A'B' 
(figs. 109, 110, 111) of two similar triangles, paral- 
lelograms, or trapezoids, are assumed as their bases, 
the altitude CE, C'E' are to each Other as the ho- 
mologous sides. 

Demonstration. Since the acute angles CAB, OA'B' 
are, by art. 169, equal, the right triangles AEC, A'E'C 
are, by art 174, similar, and give the proportion 

AC:A'C=zCE:CE'. 

199. .Corollary, The altitudes of two similar tri- 
angles, fac. are to each other as their homologous 
bases. 
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An infioitely small Arc is its own Chord. 

200. Corollary, The perimeters of two similar tri- 
angles, parallelograms, or trapezoids are to eaph other 
as their bases. 



^ 



CHAPTER XII. 

REGULAR POLYGONS. 

201. Definition. A regular polygon is one which 
is at the same time equiangular and equilateral. 

Hence the equilateral triangle is the regular polygon of 
three sides, and the square the one of four. 

202. Theorem. Every equilateral polygon, as 
ABCDj &c. (fig. 112), which is inscribed in a cir- 
cle, is regular. 

Demonstration. As the polygon ABCD, &c. is sup- 
posed to be equilateral, we have only to prove that it is also 
equiangular. 

Now the arcs AB, BC^ CD, &c. are equal, for they arc 
subtended by the equal chords ABy BC, CD, &c. ; and, 
therefore, twice these arcs, or the arcs ABC, BCD, CDE, 
dC'C. are equal. 

Hence the angles ABC, BCD, CDE, &c. are equal, 
since, by art. 106, they are measured by the halves of the 
arcs which remain after subtracting the equal arcs ABC, 
BCD, &c. from the circumference. 

203. Theorem. An infinitely small arc AB (fig. 113) 
coincides with its chord AB. 



i 
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The Circle is a regular Polygon of an infinite number of Sidei. 

Demonstration. Through C the middle pf the chord AB 
draw the radius DO, Complete the rectangle DEAC, by 
art. 146; and, as the side DE is perpendicular to OD9 it 
is a tangent to the circle. 

The arc AD is, then, less than the sum of the including 
lines AE + DE = AC+DC; and 

2 AD <2 AC +2 DC, 



or 



or 



the arc AB < the chord AB + 2 DC; 



the arc AB — the chord AB <2DC, 

that is, the difference between the arc AB and its chord is 
less than 2 DC. 

But, by art. 186, • 

CF:AC= AC:CD = 2 AC: 2 CD 

== the chord AB :2CD\ 

that is, 2 CD has the same ratio to the chord AB, which 
the infinitely small line ^Chas to CF; so that 2 CD is 
infiDitely small in comparison Avith the chord AB. And, as 
the difference between the chord and the arc is smaller than 
2 CD, it must likewise be infinitely small in comparison 
with either the chord or the arc, and may, by art. 99, be 
neglected. The arc AB is, therefore, equal to the chord 
AB, and -must, by arts. 18 and 16, coincide with it. 

204. Theorem. The circle is a regular polygon of 
an infinite number of sides. 

Demonstration. Suppose the circumference ABCD, &c. 
(fig. 114) divided into the infinitely small and equal arcs 
AB, BC, CD, &c. The polygon formed by the chords of 
these arcs is, by art. 202, a regular polygon of an infinite 
number of sides ; but since, by the preceding theorem, the 

6 
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Limitation of Axiom of Art. 99. 

area coincide with the chords, this polygon is the circle it- 
self. 

205. Scholium. Thf two preceding demonstrations con- 
tain the following obvious and necessary limitation of the 
axiom of art. 99. 

The infinitely small quantities, which are neglected 
by the axiom of art 99, must be infinitely small in 
comparison with those which are retained. 

In the present case, indeed, the difference between the 
infinitely small arc and its chord is infinitely ''small, and yet 
it could not be neglected if it were not infinitely small ia 
comparison with the arc. For, as the sum of all these dif- 
ferenqg^ corresponding to all the arcs of 'the' circle has the 
same ratio to the sum^of all the arcs, that is, to the entire 
circumference, which each difference has to its arc ; the sum 
of the differences, that is, the difference between the circum- 
ference of the circle and the perimeter of the polygon of an 
infinite number of sides, would not be infinitely small, and, 
therefore, capable of being neglected, unless each difference 
were infinitely small in comparison with it^ arc. 

206. Theorem, Two regular polygons ABCD,&c. 
A'B'C'D', &c. (fig. 115), of the same number of 
sides, are similar. 

Demonstration. For, they are equiangular with respect to 
each other, since the sum of their angles is the same, by 
art. 71, and each angle of each polygon is found by dividing 
this common sum by the number of sides. 

Their homologous sides are, moreover, proportional; for 

AB = BC=CD, &c. 
A'B' = B'C = CD', &c. 
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To inscribe a Regular Polygon of twice the Dumber of Sides, &c. 

we have , 9 

AB : AB' = BC : B'C = CD : CD', &c. 

207. Goi'ollary. Hence, ^nd by art. 1&7, tl^e perim- 
eters of regular polygons, aire to ^ach other as' their 

homologous sides. 

• 

208. Theorem. Two circles are similar regular poly- 
gons. 

Demonstration. The number of sides of each circle is 
any infinite number whatever, and, if we choose, the same 
infinite number for all circles. . 

209. Theorem, A regular polygon of any number 
of sides may be inscribed in a given circle. 

Demonstration, Suppose the circumference ABCD, d&c. 
(fig. 116) to be divided into any number of equal arcs AB, 
BC, CD, &c. Their chords AB, BC, CD, &c. are also 
equal, by art. Ill; find the polygon ABCD, 6lc. formed 
by these chords is, by art. 202, a regular polygon of a num- 
ber of sides equal to that of the arcs AB, BC, CD, &c. 

210. Problem. To inscribe in a given circle a regu- 
lar polygon, which has double the number of sides 
of a given inscribed regular polygon ABCD, <fcc. 
(fig. 116). 

SoUtion. Bisect the arcs AB, BC, CD, &c. at the points 
M, N, O, P, &c. Join AM, MB, BN, NC, &c., and 
AMBNCO, &c. is the required polygon. 

Demonstration. For the sides AM, MB, BN, NC, &c. 
being the sides of equal arcs, are equal, and, by art. 203, 
the polygon is regular. 



f « 
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, ■ ■ ■ ■ , ■ ■ ■ ■ ' 3 

To inscribe a Square and a Hexagon. 

211. Qorollary. By bisecting the arcs jlAf, MB. 
BNf &c., a regular inscribed polygon is obtained 
of 4 times the number of sides of the given polygon ; 
and, by continuing the process, regular inscribed poly- 
gons are obtained of 8, 16, 32, &c. times the number 
of sides of the given polygon. 

212. Problem, To inscribe a square in a given 
circle. 

Solution. Draw the two diameters AB and CD (fig. 117) 
perpendicular to each other ; join AD,, DB, BC, CA ; and 
ADBC is the required square. 

Demonstration. The arcs AD, BD, BC, and AC are 
equal, being quadrants; and therefore their chords AD, 
DB, BC, and CA are equal, and, by arts. 201 and 202, 
ADBC is a square. 

213. Corollary. Hence, by arts. 210 and 211, a 
polygon may be inscribed in a circle of 8, 16, 32, 64, 
tic. sides. 

214. Problem. To inscribe in a given circle a regu- 
lar hexagon. 

Solution. Take the side BC (fig. 118) of the hexagon 
equal to the radius ^C of the circle, apd, by applying it 
six times round the circumference, the required hexagon 
BCDEFG is obtained. 

Demonstration. Join AC, and we are to prove that the 
arc BC is one sixth of the circumference, or that the angle 
BAC is ^ of four right angles, or -J of two right angles. 

Now, in the equilateral triangle ABC, each angle, as 
BAC, is, by art. 69,, equal to ^ of two right angles.. 
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To inscribe a Decagon. 

215. Corollary. . Hence regular polygons of 12, 24, 
48, &c. sides may, by arts. 210 and 211, be inscribed 
in a given circle. 

216. Corollary. An equilateral triangle BDF is 
inscribed by joining the alternate vertices B, 2>, P. 

217. Problem, To inscribe in a given circle a reg- 
ular decagon. 

Solution. Divide the radius AB (fig. 119) in extreme and 
mean ratio at the point C. Take BD for the side of the 
decagon' equal to the larger part AC^ and, by applying it 
ten times round the circumference, the required decagon 
BDJSF, 6i,c. is obtained. 

Demonstration. Join AD, and we are to prove that the 
arc BD is -^ of the circumference, or that the angle BAD 
is -j^ of four right angles, or i of two right angles. 

Join DC. The triangles BCD and ABD have the 
angle B common ; and the sides BC and BD, which in- 
clude this angle in the one triangle, are proportional to the 
sides BD and AB, which include the same angle in the 
other triangle. For, by art. 192, 

BC : AC= AC: AB; 

but, by construction, BD is equal to AC, and, being sub- 
stituted for it in this proportion, gives 

BC : BD = BD : AB. 

The triangles BCD and iijBZ> are therefore similar, by 
art. 179. 

No^t the triangle ABD is isosceles, and therefore BCD 
must also be isosceles ; and the side DC is equal to BD, 
which is equal to AC; so that the triangle ACD is also 
isosceles. 

6» 
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To inscribe a PentagOD. 



We have, therefore, 

the angle A = the angle ADC; 

and, by art. 70, 

the angle BCD = the angle i4 -f- the angle ADC 

= twice the angle A> 

But, in the isosceles triangles B^D and ACD, 

the angle BCD = the angle CBD 

=,the angle ADB 
s= twice the angle A, 

and the sum of the three angles ABD, ADB, and A of the 
triangle ABD, or, by art. 64, two right angles, is equal to 
five times the angle A. Hence, ^1 is -J^ of two right angles. 

218. Corollary. Hence, regular polygons of 20, 40, 
80, &c. sides may, by arts. 210 and 211, be inscribed 
in a given angle. 

219. Corollary. A regular pentagon BE GIL is 
inscribed by joining the alternate vertices B, E^ O, 
/, L. 

220. Problem, To inscribe in a given circle a 
regular polygon of 15 sides. 

Solution. Find, by art. 217, the arc AB (fig. 120) equal 
to xV ^^ ^^® circumference, and, by art. 214, the arc AC 
equal to ^ of the circumference, and the chord BC, beinff 
applied 15 times round the circumference, gives the required 
polygon. 

Demonstration. For the arc JBCis^ — -^ = ^of the 
circumference. 



r 
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To circumscribe a Circle about a Regular Polygon. 

221. Corollary. Hence, regular polygons of 30, 
60, 120, &c. sides may, by artiS. 210 and 211, be in- 
scribed in a given circle, i^ 

222. Problem. To circumscribe a circle about a 
given regular polygon ABCD, &c. (fig. 121). 

Solution. Find, by art. 148, the circumference of a circle 
which passes through the three vertices A, B, C; and this 
circle is circumscribed about the given polygon. 

Demonstration, Suppose the circumference divided into 
the same number of equal arcs AB', B'O, &c. as the sides 
of the given polygon. The chords AB\ B'C, &.c. form, 
by art. 202, a regular polygon, which, by art. 206, is similar 
to ABCD, &c. 

Hence, 

the angle ABC = the angle AB'C ; 

and the arc, v^rhich remains after subtracting the arc\4.jBC 
from the circumference, being the measure of the angle 
ABC, is equal to the measure of the angle AB'C, or to 
the arc which remains after subtracting the arc AB'C frota 
the circumference ; and, consequently, the arc ABC, which 
is twice the arc AB, is equal to the arc AB'C, which is 
twice the arc AB'. We have then, 

the arc AB =^ the arc AB', 

and tbc chord AB is equal to the chor4 AB', and coincides 
with it. The polygons ABCD', &c., ABCD, &c., must, 
therefore, by art. 195, coincide ; and the circle is circum- 
scribed about the given polygon. 

223.^ Corollary. There is a point O in every regular 
polygon equally distant from all its vertices, and which is 
called the centre of the polygon. 
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To Inscribe in a Circle any Regular Polygon. 

224. CoroUary. If we join AO, BO, CO, dwj., the 
angles AOB, BOC, CQD, &c. are all equal, and each 
has the same ratio to four right angles, which the arc AB 
has to the circumference. 

225. Corollary. The isosceles triangles AOB, BOC, 
COD, &LC. are all equal. 

226. Corollary. The angles OAB, OBA, OBC, OCB, 

&c. are all equal, and each is half of the angle ABC. 

227. Theorem* The sides of a regular polygon are 
all equally distant from its centre. 

Demonstration. Let fall the perpendiculars OM, ON, 
OP, &c. (fig. 122), from the centre O, upon the sides ABj 
BC, &c. In the right triangles OAM, OBM, OBN, 
OCN, OCP, &c., the hypothenuses OA, OB, OC, &c. 
are all equal, by art. 223, and the legs AM, MB, BN, NC, 
CP, &c. are equal, since each is, by art. 115, half of AB, 
or of its equal BC, &c. The triangles OAM, OBM, 
OBN, &>c. are, consequently, equal, by art. 63 ; and the 
perpendiculars OM, ON, OP, &c. are equal. 

228. Problem. To inscribe in a given circle a regu- 
lar polygon, similar to a given regular polygon 
ABCD.^c. (fig. 123). 

Solution. From the centre O of the given polygon draw 
the lines AO,BO; at the centre O' of the given circle 
make the angle A'O'B' equal to AOB, and the chord A'B', 
being applied round the circumference as many times as 
ABCD, &c. has sides,- gives the required polygon A'B' CD', 
&c.y as is evident from art. 224. 

229. Problem. To inscribe a circle in a given poly- 
gon ABCD, &c. (fig. 124). 



^ 
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To inscribe a Circle in a Regular Polygon. 

Solution, From the centre O of the polygon, with a 
radius equal to OM, the distance of AB from O, describe a 
circle, and it is the required circle. 

Demonstration, The distances 03I, ON, OP, &c. arc 
all equal, by art. 227, and therefore the circumference 
passes through the points M, N, P, 6lc. ; and the sides 
AB, BC, CD, &.C. are all, by art. 120, tangents to the 
circle; and the circle is, by art. 118, inscribed in the poly- 
gon. 

230. Problem. To circumscribe about a given cir- 
cle a polygon similar to a given inscribed polygon 
ABCD, (fcc. (fig. 125). 

Solution, Through the points A, B, C, D, &c. draw the 
Ungents A'B', B'C, CD', &c., and ABCD is the required 
polygon. 

Demonstration. Join OA, OB, OC, &c., OA'-, OB'. 
OO, &.C. The triangles OAB', OB'B are equal, by 
art. 63, for the hypothenuse OB' is common, and the 
legs OA, OB are equal, being radii of the same circle. 
The angle A OB is, therefore, bisected by OB', and, in the 
same way, it may be shown that the angles BOC, COD, 
4ic. are respectively bisected by OC, OD' &.c. 

In the right triangles OAA', OAB', OBB', &c. the 
Bides OA, OB, OC, &/C. are equal, the right angles 
OAA', OAB', &c. are equal, and also the angles AOA', 
AOB', BOB', &c. are equal, because they are the 
halves of the equal angles AOB, BOC, &c. The hypoth- 
enuses OA'^ OB', OC, &c. are therefore all equal, by art. 
53; and the circle drawn with OA' as a radius, passes 
through the points A', B', C, 6lc., and is circjimscribed 
about the polygon A'B'CV, &c. 
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The Perimeters of similar regular Polygons are as their Radii. 

The angles A' OB', B'OC, &c. are equal, being the 
doables of the equal angles A'OA, A OB', &>c. ; the arcs 
A'B'yB'O, &c. are equal, by art 95; and the chords A'B', 
BO are equal, by art. 111. The pblygon AB'OD', dt^c 
is, therefore, equilateral, and, being inscribed in a circle, it 
is regular, by art. 202. 

231. Corollary, A regular polygon of 4, 8, 16, &c. j 
3, 6, 12, &c. ; 6, 10, 20, &c. ; 15, 30, 60, &c. sides ; 
or, one similar to any given regular polygon may, 
therefore, be circumscribed about a circle by means 
of arts. 212, 213, 214, 215, 216, 217, 218, 219, 220, 
221, and 228. > i 

232. Theorem, The homologous sides of regular 
polygons of the same number of sides are to each 
other as the radii of theit circumscribed circles, ^and 
also as the radii of their inscribed circles. 

Demonstration, Let ABCD, &c., A'B'OD', ^c. (fig. 
136) be regular polygons of the same number of sides, and 
let O, O' be their centres ; OA, O'A' are the radii of their 
circumscribed circles, and the perpendiculars OP, O'P' 
are the radii of their inscribed circles. 

Join OB, OB', The triangles OAB, O'A'B' are simi- 
lar, by art. 173, for the angle 0=0\ being, by art. 224, 
the same part of four right angles, and 'the angle OBA = 
OB' A' for each is half the angle ABC= ABC, Hence, 
by art. 198, 

OP : OP' = AB : A'B' = OA : O'A'. 

233. Corollary. Hence, the perimeters of regular 
polygons of the same number of sides are, by art. 207, 
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to each other as the radii of their inscribed circles, 
and also as the radii of their circumscribed circles. 

234. Theorem, The circumferences of circles are 
to each other as their radii. 

Demonstration. For circles are similar regular polygons, 
by art. 208, and the radii of their inscribed and circumscri- 
bed circles are their own radii. 

235. Corollary. The circumferences of circles are 
to each other as twice their radii, or as their diam- 
eters. 

236. Corollary, If we denote the circumference of a 
circle by C, its radius by iS, and its diameter by D \ also 
the circumference of another circle by C, its radius by R', 
and its diameter by D\ we have 

CO = R:R=D:D\ 
Hence 

C:R = O.R'', 
and 

C:D ^C : D', 

Hence, the circumference-of every circle has the same 
ratio to its radius ; and also to its diameter. 

237. Corollary. If we denote the ratio of the cir- 
cumference, C, of a circle to its diameter, Z>, by t, 
we have 

also 

and 

D = C: 7t^ 

R = C:%n. 
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238. Corollary, n is sl circumference of a circle 
vrhose diameter is unity, and the semicircumferenceof 
a circle whose radius is unity. 



CHAPTER XIII 



AREAS. 



239. Definitions. Equivalent figures are those 
which have the same surface. 

The area of a figure is the measure of its surface. 

240. Definition. The unit of surf ace is the square 
whose side is a linear unit ; so that the area of a 
figure denotes its ratio to the unit of surface. 

241. Theorem. Two rectangles, as ^fiCZ), ^jE?jP6? 
(fig. 127) are to each other as the products of their 
bases by their altitudes, that is, 

ABCD : AEFG = ABxAC:AEx AF. 

Demonstration. Suppose the ratio of the bases AB to 
AE to be, for example, as 4 to 7, and that of the altitudes 
AC : AF to be, for example, as 5 to 3. 

AE may be divided into 7 equal parts Aa, ah, be, &c., 
of which AB contains 4 ; and, if perpendiculars aa', hb'^ 
&c. to AE are drawn through a, 6, c, &c., the rectangle 
ABCD is divided into 4 equal rectangles AaalC, abb'a/, 
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&,c., and the rectangle AEFG is divided into 7 equal 
rectangles Aad'F, ahh"a!\ &c. 

Again, il Cm ay be divided into 5 equal parts ^m, mn, 
&c., of which AF contains 3 ; and, if perpendiculars mm', 
nn',&c. to -4C are drawn through w, n, &c., each of the 
partial rectangles of ABCD is divided into 5 equal rectan- 
gles; and each of the partial rectangles of AEFG is di- 
vided into 3 equal rectangles ,' and all these small rectangles 
are, evidently, equal. 

Hence ABCD contains 4 X 5 of them, and AEFG 
contains 3 X 7 of them ; that is, 

ABCD : AEFG = 4X5:7X3, 

which is equal to the product of the ratio 4 : 7 by 5 : 3, or 
aiAB : AE by AC : AF, so that 

ABCD : AEFG = AB X AC : AE X AF. 

242. Corollary, The rectangle ABCD is, consequently, 
by art 240, to the unit of surface, as AB X AC ie unity, 
or as the product of its base multiplied by its altitude to 
unity. 

Hence the area of a rectangle ABCD is the pro- 
duct of its base by its altitude. 

243. Corollary. The area of a square is the square 
of one of its sides. 

244. Corollary. Rectangles of the same altitude 
are to each other as their bases, and rectangles of the 
same base are to each other as their altitudes. 

246. Theorem. Any two parallelograms ABCD, 



74 PLANK GBOMETBT. [CH. XIII. ^ 249. 

Area of the Parallelogram. 

ABEP (fig. 128) of the same base and altitude are 
equivalent. 

Demonstration. The triangles ACF and BDE are equal, 
by art. 51 ; for the sides AC and BD are equal, by art. 77, 
being the opposite sides of ABCD ; also AF and BE are 
equal, being the opposite side of ABFE ; and the angles 
CAF and DBE are equal, by art. 29, since they have their 
sides parallel. 

If, now, the triangle ACF is subtracted from the whole 
. figure ABCE, the remainder is ABFE ; and if BDE is 
subtracted from the whole figure, the remainder is ABCD- 
Hence, as ABCD and ABFE are the remainders, after 
taking equal triangles from the same figure, they must be 
equivalent. ^ * 

246. Corollary, A parallelogram is equivalent to a 
rectangle of the same base and altitude. 

247. Corollary, The area of a parallelogram is 
the product of its base by its altitude. 

248. Corollary. Parallelograms of the same base 
ar-e to each other as their altitudes ; and those of ib^ 
same altitude are to each other as their bases. 

249. Theorem. Every triangle is half of a i)arallelo- 
gram of the same base and altitude. 

Demonstration. For the triangle ABC (fig. 39) is, bj 
art. 76, half of the parallelogram ABCD of the same base 
and altitude, and it is, therefore, by art. '^45, half of auj 
parallelogram of the same base and altitude. 
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260. Corollary, All triangles of the same base and 
altitude are equivalent. 

251. Corollary, The area of a triangle is half the 
product of its base by its altitude. 

252. Corollary, Triangles of the same base are to 
each other as their altitudes, and triangles of the same 
altitude are to each other as their bases. , 

253. Theorem. The area of a trapezoid is half the • 
product of its altitude by the sum of its parallel 
sides. 

Demonstration, Draw the diagonal AD (fig. 129); the 
trapezoid ABCD is divided into two triangles ACD and 
ABD, the bases of which are AB and CDy and the alti- 
tude of each is, by art. 81, jEJjP. 

The area of ABD is, by art. 251, 

== i EF X ABy 

and the area oi ACD 

= i EF X CD ; 

the sum of which is 

the trapezoid ABCD = i EF X {AB + CD). 

254. Lernma, The line, which joins the middle 
points df the two sides. of a trapezoid which are not 
parallel, \h parallel to the two parallel sides, and is 
equal to half their sum. 

Demonstration, a. Through the middle points H and / 
(fig. 129) of the sides AC and BD, draw HI, and through 
/draw or parallel to CA. 

The triangles DIG and ITB have the side DI equal to 
IB, the angle DIG equal to the vertical angle BIT, and 
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the angle IDO equals by art. 30, to IBT; and, therefore, 
the triangles DIO and ITB are equal, by art. 53 ; and 

OI=IT=^iOT. 

But, in the parallelogram OCA T, we have, by art. 77» 

CA= OT; 
whence 

OI=i CA = CH; 

80 that CHIO is, by art. 80, a parallelogram ; and HI is J 
parallel to C/>, and also to AB. 

b. Again, in the equal triangles DIO, TIB, we have 

no = TB; 
whence 

HI= CO =:CD + DO, 
and also 

HI=AT=AB — BT=AB — DO; 

the sum of which is 

2HI = AB + CD, 
or 

HI=i(AB + CD). 

255. Corollary. The area of a trapezoid is the pro- 
duct x)f its altitude by the line joining the middle 

points of the sides which are not parallel. 

♦ 

256. Theorem. The square described upon the 
hypothenuse of a right triangle is equivalent to the 
sum of the squares described upon the other two 
sides. 

Demonstration. Let squares be constructed upon the three 
sides of the right triangle ABC (fig. 130),. right-angled at 
B. From B let fall upon AC the perpendicular BDE, and 
the square ACSR is divided into the two rectangles ADER 
and DCES. 



CH. XIII. ^ 258.] ^ AREAS. 77 

The Squares of the three Sides of a Right Triangle. 

Now the area of ADER is, by art. 242, AD X AR s 
AD y, AC\ and the area of the square ABNMv^y by art. 
24a, AB^. 

fiat, by art. 184, 

AD : AB = AB : AC\ 

or, multiplying extremes and means, 

AB^ =:ADX AC; 

that is, the square ABNM is equivalent to the rectangle 
ADER, 

It may be shown in the same way, that the square BCPO 
is equivalent to the rectangle DCSE; and, therefore, the 
square ACSR is equivalent to the sum of the squares 
ABNM and BCPO, or 

AC^ = AB^^ + BC^. 

257. Corollary. The square of one of the legs of 
a right triangle is equivalent to the difference between 
the square of the hypothenuse and the square of the 
other leg ; or 

AB^ = AC^ — jBC2. 

258. Corollary, In the square (fig. 117), 

AB^ = AD^ + DB^ = 2 AD^ = 2 X ADBC; 

or the square described upon the diagonal of a square 
is twice as great as the square itself. 

Hence 

AB^ : AD^ = 2:1; 

and, extracting the square root, 

AB: AD =zAi/2: 1. 

7* 
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259. Corollary. Since (fig. 130), 

AB^ = AD X AC, 

we have 

AC^.AB^ = ACX AC: AD X AC= AC: AD ; 
and, in the same way, 

AC^ :BC^ =AC:DC; 

or the square of the hypothenuse of a right triangle 
is to the square of one of its legs, as the hypothenuse 
is to the segment of the hypothenuse adjacent to this 
leg, made by the perpendicular from the vertex of 
the right angle. 

260. Corollary. Since 

AB^ = AD X AC, 

and 

BC^ =DCX AC 

we have 

AB^ : BC^ — ADXACiDCx AC=AD : DC; 

or the squares described upon the two legs of a right 
triangle are to each other, as the adjacent segments of 
the hypothenuse made by the perpendicular from the 
vertex of the right angle. 

261. Problem^To make a square equivalent to the 
sum of two given squares. 

Solution. Construct a right angle C {fig, 131); take CA 
equal to a side of one of the given squares ; take CB equal 
to a side of the other ; join AB, and AB is a side of the 
square sought. 

Demonstration. For, by art. 256, 

AB^ = AC^ + BC^. 
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*" To make a Square equal to the Sum of given Squares. 

262. Problem. To make a square equal to the dif- 
ference of two given squares. 

Solution, Construct, by art.'145, a right triangle, of which 
the hypdthenuse BC (fig. 79) is equal to the side of the 
greater square, and the leg AB is equal to the side of the 
less square; and ^Cis the side of the required square. 

Demonstration, For, by art. 257, 

4Ca = BC^ — AB^. 

263. Problem. To make a square equivalent to the 
sum of any number of given squares. 

Solution. Take AB (fig. 132) equal to the side of one of 
the given squares. Draw BC, perpendicular to AB, and 
equal to the side of the second given square. 

Join AC, and draw CD, perpendicular to AC, and equal 
to the side of the third given square. 

Join AD, and draw DE, perpendicular to AD, and equal 
to the side of the fourth given square ; and so on. The 
line which joilis A to the extremity of the last side is the 
side of the required square. 

Demonstration. For, by art. 266, 

AC^ = AB^ + J5C2, 

AD^ = AC^ 4- CD^ = AB^ + BC^ + CD^, 

ilJS2 =^2>2 + i>jE;2=^jB2 -f 5C2 + CZ>2 +Z)£2 ; &c. 

264. Scholium, If either of the squares BC^, CD^, 6lc. 
were to have been subtracted instead of being added, the 
problem might still have been solved by means of art. 262. 

266. Problem. To make a square which is to a 
given square in a given ratio. 
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Solution- Divide any line, as HG (fig. 133), by art. 163, 
into two parts, at the point JF, which are to each other in the 
given ratio of the given square to the required square. 

Upon EG describe the semicircle EMG ; draw FM per- 
pendicular to EG. 

Join 3IE and MG ; take, on ME produced if necessary, 
MH = AB the side of the given square. .^ 

Draw HI parallel to EG, meeting Mlji in J, and MI is 
the side of the required square. 

Demonstration. Produce MF to P ; andy^as the triangle 
HMI is, by art. 108, right-angled at M, we have, by art. 360, 

Mm : Ml^ = HP : PL 

But, by art. 181, 

HP:PI=EF:FG; 

whence, on account of the common ratio HP : PI, 

MH^ : MI^ = EF : FG. 

266. Theorem. Similar triangles are to each other ; 
as the squares of their homologous sides. 

Demonstration. In the similar triangles ABd A'B'C 
(fig. 10^), we have, by art. 199, 

CE : CE' == AB : A'B', 

which, multiplied by the proportion 

^AB:^ AB' = AB : AB', 
gives 

^ABycCE:^ A'B X OE' = AB^ : A'B'^, 

and, by art. ^t^, 'J ,] / 

the area oi ABC\ the area oiAB'C^AB^ : A'B^., 

267. Corollary. Hence, by art. 198, similar tri- 
angles are to each other as the squares of their 
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Ratio of Similar and Regular Polygons. 

homologous altitudes, and, by art. 200, as the squares 
of their perimeters. 

268. Theorem, Similar polygons are to each other 
as the squares of their homologous sides. 

Demonstration, la the similar polygons ABCD, &lc., 
A'BCDy &c. (fig. 108), .the triangles ABC, ABO, 
which are similar, by art. 196, give, by art. 266, the proportion 

ABC : ABC == AC^ : A'C^ ; 

also the similar triangles ACD, A'CD', give the propor- 
tion 

ACD : A'CD' ^ AC^ : A'C^ \ 

hence, on account of the common ratio AC^ : A'C^, 

ABC : ABC = ACD : ACD', 

In the same way may be obtained the continued proportion 

ABC. ABC = ACi) : ACD' =ADE: A'D'E', &c. 

Now the sum of the antecedents ABC, ACD, ADE, &c. 
is the polygon ABCD, &c., and the sum of the consequents 
ABC, ACD', A'D'E', &c. is the polygon A'B'CD\ 
d&c. ; so that, by art. 266, 

ABCD,6lc. : A'B'CD',6lc,=ABC: A'B'C=AB^ :A'B'^, 

* 

269. Corollary, Similar polygons are, therefore, to 

each other, by art. 197, as the squares of their perim- 
eters. 

270. Corollary, As regular polygons of the same 
number of sides are, by art. 206, similar polygons, 
they are to each other as the squares of their homolo- 
gous sides, and^ by art. 232, as the squares of the 
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radii of their inscribed circles, and also as tbcSquarcs 
of the radii of their circumscribed circles. 

271. Theorem, Circles are to each other as the 

squares of their radii.' 

« 

Demonstration, For, by art. 208, they are regular poly- 
gons of the same number of sides, and, as in art. 234, the 
radii of their inscribed and circumscribed circles are their 
own radii. 

272. Problem, Two- similar polygons being given, 
to construct a similar polygon equivalent to their sum 
or to their difference. * 

Solution. Let A and B be the homologous sides of the 
given polygons. Find, by art. 261, or by art. 262, the line 
JT such that the square constructed upon JC is equal to the 
sum or the difference of the squares constructed upon A and 
B. The polygon similar to the given polygons, constructed, 
by art. 194, upon the side ^homologous to A or B, is the 
required polygon. 

Demonstration, For, by art. 268, the similar polygons 
constructed upon A^ B, and JT, have the same ratio to each 
other as the squares upon A, B, and ^, 

273. Corollary. If A and B were the radii of two given 
circles, X would, by art. 271, be the radius of a' circle equiv- 
alent to their sum or to their difference. 

274. Corollary. By the process of art. 263, a polygon 
might be constructed equivalent to the sum of any number of 
given similar polygons, and similar to them, or a circle equiv- 
alent to the sum of any number of given circles; or, if either 
of the given polygons or circles is to be padded' instead of 
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being ^btracted) the resulting polygon or circle may be 
obtained, as in art. 264. 

275. Problem. To construct a polygon similar to a 
given polygon, and having a given ratio to it. 

Solution, Let J. be a side of the given polygon. Find, 
bj art. 265, the side JT of a square which is to the square, 
constructed upon -4, in the given ratio of the polygons. 
The polygon, constructed upon JT, similar to the given poly- 
gon, is th^'required polygon. 

Demonstration, For, by art. 268, the similar polygons 
constructed upon >! and X,. have the same ratio to each 
other as the squares upon A and X. 

276. Corollary, In the same way, a circle may be 
constructed having a given ratio to a given circle, by 
taking for A and X the radii of the given and of the 
required circles. 

277. Theorem, The area of any circumscribed 
polygon is half the product of its perimeter by the 
radius of the inscribed circle. 

Demonstration, From the centre O (fig. 134) of the circle 
draw OA, OB, OC, &c. ■ to the vertices of the circum- 
scribed polygon ABCDy &c. Draw the radii OJf, ON, 
OP, &c. to the points of contact of the sides. 

If, now, the sides AB, BC, CD, &c. are taken for the 
bases of the triangles OAB, OBC, OCD, &c. ; their alti- 
tudes, being the radii OM, ON, OP, &c., are all equal. 
, The area of each of these triangles is, then, by art. 251, 
half the product of its base AB, BC, CD, &c. by the 
common altitude OM. 
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The sum of the areas of the triangles, or the area of the 
polygon is, consequently, half the product of the sum of the 
sides AB, BC, &c. by' the common altitude OM; that is, 
half the product of the perimeter ABCD^ &c. of the poly- 
gon by the radius OM. 

« 

278. Corollary. Since a circle can, by art. 229, be 
inscribed in any regular polygon, the area of the 
regular polygon is half the product of its perimeter 
by the radius of its inscribed circle. 

279. Theorem. The area of a circle is half the 
product of its circumference by its radius. 

Demonstration. For a circle is, by art. 204, a regular 
polygon, and the radius of its inscribed circle is its own 
radius. 

280. Corollary, If we use C, 2>, iJ, and n, as in art. 237, 
and denote by A the area of a circle, we have 

^ = ^. C X i? = i\ 2 ^ X 12 X 12 



281. Corollary. When U = 1, 

we have A = tt, ^ 

282. Dejinitiovs. A sector is a part of a circle com- 
prehended between an arc and the two radii drawn 1 
to its extremities, as AOB (fig. 135). 

A segment of a circle is the part of a circle com- ' 
prehended between an arc and its chord, as ADB. 

283. Theorem. The area of a sector is half the 
product of its jirc by its radium. 



% 
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An iofoiitely small l^ectorU a Trianglo. 

J^emonstratian. Suppose the arc AB (fig. 135) of the 
fector AOB divided into the infinitely small arcs AM^ MN, 
NP, &c. Draw the radii OM, ON, OF, &c. 

The sector AOB is divided into the infinitely small sec- 
tors AOM, MON, NOP,6lc.; which may, by art. 1203, 
be considered as triangles, having for their bases AM, MN, 
NP, &c., and for their altitudes the radii OA, OM, ON, 
&c. 

The sum of the areas of these triangles, or the area of 
the sector is, then, half the product of the sum of the bases 
AM, MN, NP, d&c. by the common altitude OA ; that is, 
half the product of the arc AB by the radius AO. 

284. Corollary. The area of the segment ADB is 
found by subtracting the area of the triangle AOB 
from that of the sector AOB. 

285. Scholium. In order that no doubt may exist with 
-regard to the accuracy of the^ demonstrations of arts. 283, 
279, and 271, it is important to show that the infinitely 
small quantities, which are neglected in considering an 
infinitely small sector as a triangle with a base equal to its 
arc and an altitude equal to its radiu8> come within the 
limitation of art. 205. 

Now, the difference between the infinitely small sector 
AOB (fig. 113), and the triangle ^OjB, is the segment 
ADB. But the segment ADB is less than the rectangle 
AEEB ; and, by arts. 242 and 251, the rectangle 

AEE*B : the triangle AOB=^ABXCD:i ABX OC 

=iCD:iOC 

==2 CD: OC; 

end, therefore, as*2C2> is infinitely small in comparison 
with OC, the rectangle AEE'B and the segment ADB 

8 
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nust be infiiritely small in compariton with the triangle 
AOB, and may be neglected bj art. 206 ; so that the sector 
AOB is equivalent to the triangle AOB. 

The base of the triangle AOB is the chord AB, or, by 
art 203, the arc AB ; and its altitude OC differs from the 
radius OD by the infinitely small quantity CD, which may 
be neglected. 

The error arising from the neglect of these infinitely small 
quantities is altogether insensible, and cannot be rendered 
sensible by any magnifying process to which the mind can 
labmit it; it is, then, no error at all. Indeed, if there be 
an error, suppose it to be represented by A, Since the 
aggregate of the quantities neglected is infinitely small, 
that is, as small as we choose; we can choose it to be 
less than the error A ; a manifest absurdity, for the error 
cannot be greater than the aggregate of the quantities 
neglected, and yet we cannot escape this absurdity as long 
we suppose the error A to be of any magnitude whatever. 

> 
ft 

286. Definition, Similar sectors and similar seg- 
ments are such as correspond to similar arcs. 

287. Theorem, Similar sectors are to each otfiet as 
the squares of their radii. 

.J}emon$tration. The similar sectors AOB, A'O'B' (fig* 
136) are, by the same reasoning as in art 97, the same 
parts of their respective circles, which the angle O = O^ is 
of four right angles ; and, therefore, they are to each other: 
as these circles, or, by art. 271, as the squares of the radii 
AO, A'O. 

288. Theorem. Similar segments are to each othei 
«s the squares of their radii. 
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Dmonstratum. Let ADB, AD'S' (fig. 136) be thto 
■imiUr segments. The triangles AOB and A'OB'' 9X% 
similar,. by art 179; for O^C; and, since AO =zBO 
and A'a = B'O, we have 

AO : A'a = BO : B'(y. . 
Hence, by art. 266, 

the triangle AOB : the triangle A'O'B =zAO^: A'O'^ ; 
also, by the preceding article, 

the sector AQB : the sector ^'0'J5' = AO^ : A'O'^. 

Hence, by the theory of proportiojis, 

the sector AOB — the triangle AOB : the sector A'O'B' 
— the triangle A'O'B' = AO^ : A'O"^ ; 

that is, 
the segment ADB : the segment A'D'B* =2A0^:A'0*^. 

289. Problem. To find a triangle equivalent to a 
given polygon. 

Solution. Let ABCD &c. (fig. 137) be the given pc^y- 
gon. Join BD\ through C, draw CM parallel to BD. 
Join DMf and AMDE &c. is a polygon equivalent to the 
given polygon, and having the number of its sides less by 
one. 

In the same way, a polygon may be found equivalent to 

AMDE, and having the number of its sides less by one ; 

and by continuing the process, the number of sides may be 

' at last reduced to three, and a triangle is obtained equiyalent 

to the given polygon. 

Demonstration, a. The number of sides of AMDE d&c. 
is less by one than that of ABCD 6lg. ; for the two sides 
AMf MD are substituted for the three sides AB, BC, CD, 
the other sides remaining unchanged. 
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b. Thd polygoii AMDE &c. n eqiiivfll^nt to AliCD 
d&6. ; for tbe part ABDE d&e. is common to both, and tM 
triangles DBC^ DBM are equivale&t beeanse they haM 
the. same baae BD and the same altitude, bj art. 81, th^ir 
Tertices B and M being in the Ime CM parallel to this 
base. 

290. Problem. To find a square equivalent (d a 
given parallelogram. 

Solution. Let B be the base and A the altitude of the 
given parallelogram. Find, by art. 188, a mean proportional 
X between A and jB, ^ is the aide of the ftfiNRre sought^ 

Demonstration. For we have 

and, therefbre> 

X^r=zAXB', 

or, by arts. 242 and 243, the square constructed upon X is 
equivalent to the given parallelogram, 

291. Cot&Oary. A isquare may bd found eqcrivaleat 
to a given triainghif, by talking for its side a; mean ptd- 
pdrtional bettt'eeu the basd and half the altitude of 
the triangle. 

?92. Corollary. A square may be found equivalent 
to a given circumscribed polygon, by taking for its 
side a mean proportional between the perimeter of 
the polygon and half the radius of the inscribed 
ci]fcle. 

293. CifroUary. A square may be found eqtiivalent 
to a given circle, by taking for its side a mean pro^ 
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portional between the radius and half the circumfer- 
ence of the circle. 

294. Corollary. In general the quadrature of any 
given polygon may be found, that is, a square may be 
found equivalent to any given polygon, by finding, 
by art. 289, t^e triangle which is equivalent to the 
polygon, and, by art. 291, the square whic)i is equiva- 
lent lo this triangle. 

295. Problem. To construct a polygon equivalent 
to a given circle or polygon, P, and similar to a given 
polygon, Q. 

Solution. Find, by art 294, M the side of a square 
equif alent to P, and N the side of a square equiralent to Q. 
Let A be one of the sides of Q. Find, by art 165, a fourth 
proportional JT^ to iV, M, A. The polygon constructed by 
art. 194, similar to Q upon ulT, homologous to il, is the re- 
quired polygon. • 

Demonstration. Let F be the polygon constructed upon 
X, we have only to prove that it is equivalent to P. 

Now we have N : M = A : X, * 

whence , N^ : M^ z= A^ : X?. 

Also, by art. 268, 
and leaving out the common ratio A^ : X^^ 

Bat JV« = Q and IP = P, 

whence Q:P =z Q:Y, 

or Y^P. 

8* 
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996. CoroUeary, If Q weve a circle and A its radiaa, J[ 
would be the radius of a circle equivalent to the given 
polygon P. 

\ 297. Problem. To construct a parallelogram, equiv- 
alent to a given square, and having the sum of its 
base and altitude equal to a given line. 

Solution, Upon the given line AB (fig. 138) as a diame- 
ter describe a semicircle. At A, erect the perpendicalar 
AC equal to the side of the given square. Draw CD par- 
allel to AB, to meet the circumference at D. Draw DE 
perpendicular to AB ; AJE and EB are the required base 
and altitude. 

Demonstration. For AE -{- EB &=» AB, and by art. 290, 
AEX EB = DE^ = AC^, 

298. Problem. To construct a parallelogram, equi- 
valent to a given square, and having the di£ference of 
its base and altitude equal to a given line. * 

Solution. Upon the given line AB (fig. 139) as a diame- 
ter describe a circle. At A draw the tangent ^O equal to 
the side ef the given square. Through the centre O of the 
circle, draw the secant OE. CD and CE are the required 
^base and altitude. 

Demonstration. For we have 

CE—CD = DE = AB, 

and, by art. 191, 

CE:AC=AC:CD, 

whence 

AC^ =^CEX CD. 

299. Problem. To find the ratio of the circumfer- 
ence of a circle to its diameter. 
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Solution. Thtti ratio has beeQ denoted^ io art. 237, by n ; 
it does not admit of being expressed in numbers, and 
can only be obtained approximately. The principle of ap- 
proximation consists in supposing the circumference to be 
equal to the perimeter of some one of its inscribed <iMlM ; 
and the error of this hypothesis is the Jess, the greater the 
number of sides of the polygon. /^(J^h «' 1/ ^3 

JFHrst Approximation, Let the radius ^O (fig. 1 40) of 
the circle be unity, and its circumference is, by art. 238, 
2 n- Ifi now, the hexagon ABCD &c. is inscribed in the 
circle, we have, by art. 214, for its side, 

^B = 1; 

and for its perimeter 

6Xi45~6; 

80 that, by supposing this perimeter to be equal to the cir- 
cumference, we have for a first approximation 

2 TT = 6, or TT = 3. 

Second Approximation, Bisect the arcs AB, BC 6lc. 
by the radii OA', OB' &c. Join AA', A'B &c., and we 
have an inscribed polygon of 12 sides. 

Now ' AMz^iAB, 

and, by art. 257, 

om = OA^ — AM^ = 1 — 1 -4B«, 

Oii[f = V 1 — i AB^ ; 

also 4'Jf = Oil — OJif = 1 — QM\ 

and, by art. 256, 
AA^^ = Am + A'M^ = i AB^ + (1 — OM)9\ 

= I AB^ + 1 — 2 X OM+ OM», 

= { AB^ + 1 — 2 X Vl — iAB^+ i — ^AB^^ 

:=,2 — ^A — AB^i 
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AA' = \/(2 — V4 — AB»). 
But AB=z 1, 

whence AA^ = \^2 — \^=z 0*517 nearlj. 

Hence the perimeter 

AA'BB'C &c. = 12 X AA' = 6-204 nearly. 

And, if this is assumed for the circumference, we have, for 
the second approximation, 

n = 3-102 nearly. 

Third Approximation* If now we consider JlB as the 
side cf the inscribed polygon of. 12 sides, AA' is the side of 
the polygon of 24 sides, and we have for AB, 

AB = v'a — V3 = 0-517, 
AB^ = 2 — V3 = 0-267, 



AA'^ =2 — ^^4 — AB^ = 2 — V2 + ^3 = 0-068. 

i4.4' = 0-261. 

The perimeter AA'B &c. — 24 X AA' := 6-26; 

and, by assuming this perimeter for the circumference, w< 
have 71 = 3*13 nearly. 

Farther approximations might 'he obtained by supposing 
AB successively as the side of an inscribed polygon of 34| 
48, &c. sides, and by carryipg the calculation to a greater 
number of decimals. But it is useless to extend this process 
any farther, as much more expeditious methods of calculat- 
ing the value of ^ are'obtained from the higher branches of 
mathematics, by means of which it has been calculated to 
140 places of decimals. 

For almost all practical purposes, the value of 

^ = 3-1416, 

is sufficiently accurate. / 
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CHAPTER XIV. 

IS0P£RIM£TRICAU FIGURES. 

300. Definition, Those figures which have equal 
perimeters are called iscperimeirical figures, 

301. Definitions. Among quantities of the same 
kind, that which is greatest is called a maxtrnvm; 
and that which is smallest a minimum. 

Thus the diameter of a circle iB a maximum among att 
inscribed straight lines ; and a perpendicular is a mtntmaan 
among all the straight linea drawn from a given point to a 
given straight line. 

302. Theorem. The maximum of isoperimetrieal 
triangles of the same base is that triangle ia which 
the two undetermined sides are equal. 

Demonstration. Let the two triangles ACB and ADB 
(fig. 141) have the same base AB^ and the same perimeter, 
that is, 

AB + -4C + BC= AB-\-AD + BD, 
or, taking away AB^ 

. AC-^BC^AD + BD, 

lad suppose ACB isosceles, or ^C = CB. 
We are to prove that 

the triangle ACB > the Uiangle ABB. 
BvC| since these triangles have the same base AB^ they 
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are to each other as their altitudes CE and DF; to that 
we need only prove 

CE > DF. 

Prodace AC to H, making C£r== CB = AC. Join 
BH\ and if a semicircle is described upon AH as a di- 
ameter with the radius AC = CH, it will pass through the 
point B ; and ABH, being inscribed in it, must be a right 
angle. 

Produce BH towards L, and take DL :*=s DB> Join 
AL, and we have 

AD+DLz=AD+DB^AC+CB=zAC+CH=AH. 
But AD + DL>AL, 

or AH>AL. 

Hence, by art. 41, 

BH>BL, 

and iBH>iBL. 

Now, letting fall the perpendiculars CI and i> if upon BH 
and B/, we have 

iBH==BI=:CE, 
iBL = BM=DF; 
whence CE > DF 

303. Theorem, The maximum of isoperimetrical 
polygons of the same number of sides is equilateral. 

Demonstration. Let ABCD &c. (fig. 142) be*the maxi- 
mum of isoperimetrical polygons of any given number of 
sides. 

Join AC, The triangle ABC must be the maximum 
of all the triangles which are formed upon AC^ and 
with a perimeter equal to that of ABC. Otherwise a 
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greater triangle AJTC coald be substitated for ABC, with- 
oat changing the perimeter of the polygon, which would be 
inconsistent with the hypothesis that ABCD &c. is the 
maximum polygon. 
Therefore, by the preceding article, 

AB = BC. 

In the same way it may be proved, that 

BC=:CDz=z BE, &c. 

304. Theorem. Of all triangles, formed with two 
given sides making any angle at pleasure with each 
other, the maximum is that in which the two given 
sides make a right angle. 

Demonstration, Let ABC, ADC {&g. 143) be triangles, 
formed with the side AC common and the side AB = AD, 
and suppose BAC to be a right angle. 

As these triangles have the same base AC, they are to 
each other as their altitudes AB and DE. But 

AB = AD, 
and, by art. 39, AD > DE ; , 

whence AB > DE, 

and the triangle ABC > the triangle ADC. 

306. Theorem. The maximum of polygons formed 
of sides, all given but one, can be inscribed in a semi- 
, circle having the undetermined side for its diameter. 

Demonstration, Let ABCD &c. (fig. 144) be the maxi- 
mum polygon formed of the giveii sides AB, BC, CD 6lc, 

Draw from either vertex, as D, to the extremities A and 8 
of the side not given, the lines DA, DS. The triangle 
ADS must be the inaximam of all triangles formed with 
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the sides A and S\ otherwise, either by increasing or ^ 
bj diminishing the angle ADS, the triangle ADS wooU 
be etilargedy while the rest of the polygon ABCD, DEJF&fC. 
would be unchanged ; so thai the polygon would be en- 
larged, which is inconsistent with the hypothesis that it is 
the maximum polygon. The angle ADS is, therefore, a 
right angle by the preceding article, and is inscribed in the 
semicircle which has AS for its diameter. 

306. Theorem. The maximum of all polygons 
formed of given sides can be inscribed in a circle. 

Demonstration, Let ABCD 6lc, (fig. 145) be a polygon 
which can be inscribed in. a circle, and A'B'CD^ &c. one 
which cannot be inscribed a circle, but equilateral with re- 
spect to ABCD dz;c. ^ 

Draw the diameter AM. Join EM, MP. Upon E'F, 
equal to EF, construct the triangle E'M'P, equal to EMF, 
and join A'R, / ' 

The polygon ABCDEM, which is inscribed in the semi- 
circle having AP for its diameter is, by the preceding 
article, greater than A'BCD'E'M' formed of the same 
sides, but which cannot be so inscribed. In the same way 

the polygon AMFG &c. > A'MFG' &c. 

Hence, the entire polygon ABCDEMF &c. > A'B'OD' 
EMP &c., and, subtracting the triangle AMCz=.A'^M'Qr 

the polygon ABCD &c. > ABCD' &c. 



_^i' 



307. Theorem. The maximum of isoperimetrical 
polygons of the same number of sides is regular. 

Demonstration. For, by art. 303, it is equilateral ; and» 
by the preceding article, it can be inscribed in a circle ; so 
that, by art. ^2, it is regular. 
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308. Theorem. Of isoperimetrical regular polygona 
that is the greatest which has the greatest number of 

sides. 

Demonstratiini. Let ABCD &c., A'B'CD' &c. (fig. 
146) be two isoperimetrical regular polygons, of which 
ABCD &c. has the greater number of sides. 

Denote the area of ABCD d&c. by 8^ and the radius 
OH of its inscribed circle by R ; and denote the area of 
A'B'CD' &,c. by S\ and the radius O'H of its inscribed 
circle by R ; also the common perimeter of the two poly- 
gons by P. 

Then we have, by art. 277, 

or, striking out the common factor ^ P, 

8.8 = R:R'; 

10 that, in order to prove 

8>8, ' 
we have only to prove 

R > R'. 

Upon A'B', as a side, describe a polygon A'B'CD" d&c. 
similar to ABCD &c. ; denote its perimeter by P'\ and 
the radius CM* of its inscribed circle by R", 

Join A'Cy and A'0"\ describe the arc MN with the 
radius R'^ and the arc MN'- with the radius R". 

The half side A!M! is, evidently, the same part of the 
perimeter P, which the arc MN is of its circumference, 
which circumference is, by art. 237, equal to 2 tt x U' ; 
that is, 

^AM! : P = M'N :^n x R\ 

and, in the same way, 

P" : A'JSf = 2 TT X -R" : M'lV. 
9 
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the product of these two proportions is, by striking oat the 
factors common to the terms of each ratio, 

P":P=z R" X 11^ N : R' X Mlf. 

But, bj art. 233, 

P" : P = R' . iZ, 

and, on account of the common ratio P" : P» 

J?" : U = R" X M'N : R X 3f iV, 
which, multiplied by the identical proportion, 

R',R'=. R' : R", 

v^iyes, by striking out the common factors, 

R:R = MN : M'N', 
so that we need only prove 

M'N' > M'N,' 
in order to prove 

R>R'. 

Now, the angle A'O'M' is "obtained by dividing 360** by 
twice the number of sides, of the polygon A'B'CD', d&c, 
and the angle A'O'M is obtained by dividing 360"* bj 
twice the number of sides of the polygon A'B'C'D" &c., 
but the second number of sides was supposed to be greater 
than the first, and, therefore, 

the angle A'0"M' < the angle A'O'M \ 

and, therefore, as the angle 0"A'M is, by art. 68, the re- 
mainder after subtracting the angle A'0"M from 90", it is 
greater than the angle OA'M which remains after sub- 
tracting ^'O'Jf from 90°;, and O'A'M includes OA'M, 
so that the radius MO" is greater than MO', and the circle 
described with MO' as a radius includes the circle de- 
scribed with jif O^ as a radius. 

Join NN ; and upon the middle of NN' erect a perpen- 
dicular meeting the tangent NT to the arc NM at 7| 
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which it will do, for the angle TNN'^ being less than tht 
right angle TNL is acute. 
^ Join N' r, and, by art. 42, 

NT = N'T. 

But since the concave broken line TNM is included bj 
TNM, we have 

TN + N'M>TN+NM\ 

whence, onoitting TN equal to IW, 

NM > NM, 

and, therefore, R > 12', 

and S>S'. 

309. Corollary, As the circle is a polygon of an 
infinite number of sides, that is, of a greater number 
of sides than any other regular polygon, it is greater 
than any polygon of a finite number of sides which 
has a perimeter • equal to the circumference of the 
circle. 
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CHAPTER XV. 

PLANES AND SOLID ANGLES. 

310. Theorem, Three points not in' the same 
straight line determine the position of the plane in 
which they are situated. 

Demonstration, For if any plane, passing through two of 
the points, is swung around the line joining these two points, 
until it comes to a position in which it passes through the 
third point, it must remain in this position. For swinging 
it any farther must remove it from this third point. 

311. Corollary. Only one plane can be drawn 
through three points not in the same straight' line. 

312. Theorem, The common intersection of two 
planes, which cut each other, is a straight line.- 

Demonstration. For, if any two of the points common to 
the two planes be joined by a straight line, this straight line 
must, by art. 14, be in both of the planes ; and no point out 
of this straight line can, by art. 311, be in the two different 
planes at the same time. 

313. When two planes cut each other, they form 
an anglej the magnitude of which does not depend 
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upon the extent, bat mejrely upon the position of the 
planes. 

314. Theorem, The angle of two planes, which 
cat each other, is measared by the angle of two lines 
drawn perpendicular to the common intersection of 
the two planes at the same point, one in one of the 
planes, and one in the other. 

Demonstration. In order to show the legitimacy of this 
measure we have only to prove that the angle of the two 
lines is proportional to the angle of the two planes. 

Let AB (fig. 147) be the common intersection of the two 
planes; and let ilC and ilZ> be the two lines drawn in 
these planes perpendicular to the common intersection 
AB. 

Let a third plane be drawn having also the common in- 
tersection AB with the two given planes, and let AE be 
drawn in this plane perpendicular to AB* We are to prove 
that the angle of the planes DAB and CAB is to that of 
the two planes EAB and CAB as DAC is to EAC. ' 

For this purpose, suppose the angles of the planes to be 
to each other as any two whole numbers, and let the angle 
of the two planes CAB and aAB be their common divisor, 
Aa being perpendicular to AB, The angle CAa must be 
a common divisor of the two angles CAE and CAD; and 
it is shown by precisely the same reasoning so often adopted, 
that the angles of the planes are to each other as CAD to 
CAE. 

315. Corollary. When the angle CAD is a right 
angle, the planes are perpendicular to each other. 

316. Definitions. A straight line it perpendicular 

9* 
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to a planoi vhea it is perpendicular to every straight 
line drawn through its foot in the plane. 

Reciprocally, the plane, in this case, is perpendicu- 
lar to the line. 

The foot of the perpendicular is the point in which 
it meets the plane. 

• 

317. Theorem, When a straight line is perpen- 
dicular to two straight lines drawn through its foot in 
a plane, it is perpendicular to every other straight 
line drawn through its foot in the plane, and, conse- 
quently, is perpendicular to the plane. 

Demonstration. Let CAO, DAD' (fig. 148) be the two 
lines to which AB is perpendicular, and let EAE' be any 
other line drawn in the plane, we are to prove that BA is 
perpendicular to EAE*, 

Take ^C equal to AC, and AD equal to AD', join DC 
D'C, 

The two triangles DAC and D'AO are equal, by art. 51, 
for ilC= AC, AD = AD' and the included angle DAC 
= DAC, by art. 23; and, therefore, the angle ACD' = 
ACD and D'C =^ DC, 

The two triangles ACE' and ACE are equal, by art. 63; 
for AC = AC, the angle ACE = ACE' a;id the angle 
CAE = its vertical angle CAE'; hence AE' = AE, and 
CE' = CE. 

Join BC, BC,BD, BDL, BE and BE.' 

The two triangles BCD and BCD' are equal, by art. 61 ; 
for DC = D'C, tTie sides BD and BD' are equal, by art 
38, being oblique lines drawn to DD' at equal distances- 
from the perpendicular, and in like manner BC = BC', 
hence the angle BCD = BCD', 
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The two triangles BCE and BCE' are equal, by art. 51 ; 
for B€=zB'C, CE=OE' and the angle BCE =z BCE'; 
hence BE = BE'. 

The points B and A of the line BA are consequently at 
equal distances E and E' from the extremities of EE' ; 
and, therefore, BA is,' by art. 42, perpendicular to EE'. 

318. Corollary. The perpegdicular -B-4 is less than 
any oblique line BE, and measures ^the distance of 
the point Bj from the plane. 

319. Theorem. Oblique lines drawn from a point 
to a plane at equal distances from the perpendicular 
are equal ; and of two oblique lines unequally distant 
the more remote is the greater. 

Demonstration, a. The oblique lines BC, BD, BE &-c. 
(fig. 149) at the equal distances AC, AD, AE &c. from 
the perpendicular BA are equal; for the triangles BAC^ 
BAD, BAE &c. are equal, by art. 51, since the angles 
BAC, BAD, BAE &c. are equal, being right angles, the 
sides AC, AD, AE &c. are equal, and the sidie BA is 
common. 

6. Since the oblique line BC is drawn to the line AO at 
a distance AC greater than AC from the perpendicular 
BA, it is, by art. 41, greater than BC or its equal BD or 
BE. 

320. Corollary. All the equal oblique lines BC, BD, 
BE &c. terminate in the circumference CDE, drawn with 
-4 as a centra, and a radius equal to AC. 

321. Theorem. If a line is perpendicular to a plane, 
every line which is parallel to this perpendicular, is 
likewise perpendicular to the plane. 
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Demonstration, Let AJB (fig. 150) be the perpendicular 
to the plane, and let CD be parallel to AB^ CD is likewiBe 
perpendicular to the plane, that is, to every straight line, as 
DE^ drawn through its foot in that plane. For, if BH be 
drawn through the foot of AB^ parallel to DE, the angle 
ABH is, by art. 316, a right angle ; but, by art. 29, the 
angle CDE is equal to ABH, and is, also, a right angle. 

322. Corollary. Hence straight lines, which are 
perpendicular to the same plane are parallel. 

323. Theorem. If two planes are perpendicular to 
each other, the line, which is drawn in one of the 
planes perpendicular to their common intersection, 
must be perpendicular to the other plane. 

Demonstration. Let the plane MN {^g. 151) be perpen- 
pendicular to the plane PQ ; and let AB be perpendicular 
to the common intersection ilP, we are to prove that AB is 
perpendicular to MN. 

Draw, in the plane MN, ^C perpendicular to AP, BAC 
must, by art. 315, be a right angle. As AB is, therefore, 
perpendicular to both ^Cand AP, it is, by art. 317., per- 
pendicular to the plane JEfiV. . 

324. Corollary. If two planes are perpendicular to 
each other, the straight line, drawn through any point 
of the common intersection perpendicular to one of 
the planes, must be in the other plane. 

325. Theorem. If two planes are perpendicular to 
a third plane, their common intersection is also per- 
pendicular to this third plane. 



CH. XV. ^ 328.] PLANES A*N1> SOLID ANGLKS. 105 

Parallel Planes and Lines. 

Dtmanstration, For, by the preceding article, the straight 
line AB (fig. 152) drawn through the common point A of 
the three planes, perpendicular to the third plane MN, must 
be in both of the planes AP and AQ^ and must^herefore, 
be their common intersection. 

326. Theorem. Two parallel lines are always in 
the same plane. 

Demonstration. Draw a plane MN (fig. 153) perpendica* 

It Itr toone'of the parallels AB, it must also, by art. 321, be 

' perpendicular to the other parallel CD ; and if a plane is 

drawn through the two points A and C, perpendicular to 

MN, AB and CD must both, by art. 324, be in this 

plane. 



327. Definitions. A straight line and a plane are 
parallel when all the points of the straight line are 
equally distant from the plane. 

Two planes are parallel^ when all the points of 
one of the planes are equally distant from the other 
plane. 

328. Theorem. A straight line and a plane are par- 
allel, when they are perpendicular to the same straight 
line. 

Demonstration, Let the straight line BC (fig. 154) and the 
plane MN be perpendicular to the same straight line AB \ 
we are, by arts. 318 and 327, to prove that the perpendicu- 
lar DC let fall from any point C of the line BC upon MN 
is equal to AB. 

Join AD ; AB and CD are parallel, by art. 321, also 
AD is, by art. 316, perpendicular to AB, and being in the 
plane of the parallels AB, CD, must, by art. 35, be parallel 
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to BC; so that ABCD is a parallelogram, and its opposite 
sides AB and CD are equal, by art. 77. 

329. theorem. If two planes are perpendiculars to 
the same straight line, they are parallel. 

Demonstration. Let the planes MN, PQ (fig. 155) be 
perpendicular to the line AB ; we are, by art. 327, to proTe 
that the line CJ9, drawn from any point of MN perpendicu- 
larly to PQ, is equal to AB. 

Join BC, and, as BC is, by art. 316, perpendicular to 
AB, it is, by art. 327, parallel to MN; and, therefore, CD 
is equal to AB. 

330. Theorem. If a straight line is perpendicular 
■ to one of two parallel planes, it must also be perpen- 
dicular to the other. 

Demonstration.. Thus, if AB (fig. 155) is perpendicular 
to the plane MN, it must also be perpendicular to the plane 
PQ, which is parallel to MN. 

For the plane drawn through B, parallel to MN, must be 
perpendicular to AB, and must therefore coincide with the 
plane PQ. 

331. Theorem. If two planes are parallel to a third, 
they are parallel to each other. 

Demonstration. For any line perpendicular to the third 

plane must, by the preceding article, be perpendicular to 

both the other planes; so that these other planes, being 

, perpendicular to the same straight line, are parallel, by 

art. 329. 

332. Theorem. Two parallel lines, comprehended 
between two parallel planes, are equal. 
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Lines comprehended between three Parallel Planes. 

' Demonsiraium. Let the two parallel lines AB, CD (fig. 
156) be incladed between the two parallel planes MN, 

If the parallel lines are perpendicular to the parallel 
planes, they are equal, by art. 327. 

Otherwise, draw from the points A and C the lines AE, 
CF, perpendicular to MN\ and join BE, DF. 

The triangles ABE, CDF^xe equal, by art. 53 ; for the 
sides AE and CE are equal, by art. 327 ; the right angles 
ABB and CFD are equal ; and the angles BAD and 
DCF are equal, by art. 29, because they have their sides 
parallel ; hence AB is equal to CD. 

333. Theorem. The intepsections of two parallel 
planes by a third plane are parallel lines. 

Demonstration. Let the intersections of the plane AD 
(fig. 156) with the parallel planes MN, PQ be AC and 
BD. Through A and C, in the plane AD, draw the 
parallel lines AB, CD; these parallels are equal by the 
preceding article, and, therefore, by art. 80, ABCD is a 
parallelogram^ and ilC is parallel to BD. 

334. Theorem. If a straight line is parallel to an- 
other straight line drawn in a plane, it is parallel to 
the plane. 

Demonstration. Let AC (fig. 156) be parallel to the line 
BD in the plane MN, 

Through any point A of the line AC, let a plane PQ be 
drawn parallel to MN. The intersection of PQ with the 
plane ABCD is, by the preceding article, parallel to BD ; 
and, as it also passei through the point A, it must coincide 
withilC. 
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SaU4 Angles. 



Now, since AC win the plane PQ parallel to MN, alh 
its poinU must, by art, 327, be equally distant from MN, 
and it is therefore parallel to MN. 

336. Theorem. Two straight lines, comprehended 
between three parallel planes, are divided into parts 
that are proportional to each other.. 

Demonstration. Let the line A^ (fig. 157) meet the 
three parallel planes MN, PQ, RS at the points A, B, C; 
and let the line DF meet the same planes at Z>, E, F. 

Join ^-F cutting the plane PQ at H; join AD,BH, 
HE, CF. The intersections BH and CF of the parallel 
planes PQ and RS with the plane ACF, are parallel, and 
give, by art. 159, the proportion 

AB:BC=zAH:HF. 

In like manner, the intersections HE and ^D of the 
parallel planes PQ and MN with the plane FAD are par- 
allel, and give the proportion 

AH : HF = DE : EF. 

Hence, on account of the common ratio AH: HF, 

AB:BC= DE: EF. 

that is, the lines AB and DF are divided proportionally at 
B and E. 

336. Definitions. When three or a greater number 
of planes meet at a point, a solid angle is formed ; as 
S (fig. 158) formed by the planes ASB, BSC, CSD, 
DSA. 

The point of meeting, S, of the planes, is called 
the vertex of the angle. 
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Solid Angle formed by three Planes. 
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337. Theorem, If a solid angle is formed by three 
plane angles, the sum of either two of these angles is 
greater than the third. 

Demonstration, Let 8 (fig. 159) be a solid angle formed 
by the three plane angles A8B, B8C, and A8C, and let 
A8C be the greatest of these plane angles. We need only 
prove that ASC < A8B + B8a 

From any point B of the line ^jB, let fall upon the plane 
ASC the perpendicular BP, Through P and any point A 
of 8A, draw AP ; join 8P and AB, 

The line 8P is, by art. 316, perpendicular to jBP, and \ 
is, therefore, less than the oblique line 8B\ and also the / 
perpendicular AP is less than the oblique line AB, \ 

In the plane 8AB, from ^ as a centre, with a radius ' 
APsss^AD = AM, describe the area DM\ and, from 8 '■ 
as a centre, with a radius 8P = 8E = 8M, describe thc^ 
arc HM, These arcs must intersect at some point M in 
the triangle 8BA. 

Join 8M, MA ; and the triangles 8MA and 8PA, being 
equilateral, are equal ; and the angle P8A is equal to M8A. 
But B8A is greater than its included angle M8A^ or the 
equal angle P8A. 

In the same way it may be proved that B8C is greater 
than P8C. Hence the sum of B8A and B8C is greater 
than C8A, which is the sum of P8A and P8a 

338. Theorem. The sum of the pldne angles, 
which form a solid angle, is always less than four 
right angles. 

Demonstration. Draw the plane MN (fig. 100), cuttiof 
tht solid angle 8 in ABODE &c. From any point O 
within iiBC2> &c 4raw AG, BOf CO, DO&a. 

10 
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Sum of the Plane Angles of a Solid Angle. 



The numBer of the triangles iiOJB, J50C, COD &c. is 
the same as that of the triangles A8B, BSC, CSD &c. ; 
and, therefore, the sam of the angles of A OB, BOC St,t. 
is the same as that of ASB, BSC d&c. 

But, of the solid angle JB, the sum of the angles ABS^ 
SBC is, by the preceding article, greater than the angle 
ABC, which is the sum of ^BO, OBC, that is, 

ABS+SBC> ABO+ OBC; 

and, in the same way, 

BCS + SCO > BCO + OCD, 

CnS+ SDE> CDO + ODE &c. 

Hence ABS + SBC + BCS + SCD + &c., or the sum 
of the angles at the bases of the triangles, which ha?e their 
▼crtices at S, is greater than ABO + OJ5C+ BCO + 
OCD + &c., or the sum of the angles at the bases of the 
triangles which have their vertices at O. 

If, then, these two sums of ihe angles at the bases of the 
triangles are subtracted from the common sum of all the 
angles of each set of triangles, the remaining sum of the 
angles which have their vertices at ^8^ must be less than the 
sum of the angles which have their vertices at O, or, by 
art 526, than four right' angles. 

339. Theorem. If two solid angles are respectively 
contained by three plane angles which are equal, 
each to each, the planes of any two of these angles 
in the one have the same inclination to each other as 
the planes of the homologous angles in the other. 

Demonstration. Let the solid angles S, S' (fig. 161) be 
indaded by the plane angles ASB=iA'S'B'y ASCrsa 
AWC, BSC = BS'C\ 
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Equality of the Inclinatioin of the Planes of Solid Angles. 
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Take SA =s S'A* of any length at pleasure. Draw AB, 
AC perpendicular to ^^4, in the planes ASB and A8C; 
and draw A'B', A'C perpendicular to 8' A' in the planes 
A'8B' and A'8'C'. 

In the triangles A8B, A'8'B', the side AS = A' 8, the 
anglete4;^i= ^BJ\ and the right angle 8AB = 8 A'B' ; ' 
hencerByart. bt^^AB = A'B' and 8B = ^S^jB*. A ^ fi 

In the same way, it may he shown that AC ^=^ A'C'^ > -\-f 
8C = 8'C\ 

Join BC, B'C, and, in the triangles 8BC, 8B'C', the 
angle BSC = B'8'C', the side iSB = 8'B', and the side 
8C = iSf'C ; hence, by art. 52, BC = B'C. 

In the triangles ABC, A'B'C the three sides are respeo- 
tively equal, and, therefore, by art. 61, the angle BAC, 
which, by art. 314, measures that of the planes A8B, A8C 
is equal to B'A'C, which measures the angle of the planes 
A'SB', A'8C', 

In the same way, it may be shown that the angles of the 
other planes are equal ; some changes, easily made, are, 
however, required in the demonstration when either of thtf 
angles ASB, ASC is pbtuse. 
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CHAPTER XYI. 

SURFACE AND SOLIDITY OF SOLIDS. 

340. Definition. Equivalent solids are those which 
have the same bulk or magnitude. 

341. Definition. A lamina is a thin portion of a 
solid included between two parallel planes. 

842. Theorem. If two solids have equal bases and 
heights, and if their sections, made by any plane j 
parallel to the common plane of their bases, are equal, 
they are equivalent. 

Demonstration. Let AMCDEF, A'B'CD'E'F (fig. 162) 
be the two solids. Let MNOy M'N'O' be two equal sec- 
tions made by a plane parallel to the base, and let PQRi 
P'Q'R' be two other equal sections made by a plane infi- 
nitely near the former plane. 

The infinitely thin lamin© MNOPQR, MNCPIQE' 
are equal; for \{ M'N'C be applied to its equal MNO^ 
P'Q'R' must be infinitely near coincidence with its equal 
PQR ; and the laminae themselves can differ from coinci- 
dence only by a quantity infinitely smaller than either of 
them, and which may, by arts. 99 and 205, be neglected. . 

Bgt by drawing a series of parallel planes infinitely near 
each other, the given solids are divided into laminae, which 
are respectively: equal to each other ; and, therefore, thei 
sums or the entire solids must be equivalent. 
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Polyedron, Pritm, Right Priim. 



343. Definitions, Every solid bounded by planes 
is called a polyedron. 

The bounding planes are called the /zees; whereas 
the sides or edges are the' lines of intersection of the 

&ces. 

344. Definitions. A polyedron of four faces is a 
Mraedron^ one of six is a hexaedron, one of eight is 

an octaedron, one of twelve a dodecaedron^ one of 

twenty an icosaedron, &c. 

Demonstration. The tetraedron is the most simple of 
polyedrons ; for it reqaires at least three planes to form a 
solid angle, and these three, {danes leave an openin{[, which 
b to be closed by a fourth plane. 

345. Definitions. A prism is a solid comprehended 
under several parallelograms, terminated by two equal 
and parallel polygons, as ABC &c. FOH iic. (fig. 
163). 

The bases of the prism are the equal and parallel- 
polygons, as ABC &c., and FQH &c. 

The convex surface of the prism is the sum of its 
parallelograms, as ABFO + BCOH^ &c. 

The altitude of a prism is the distance betweea its 
bases, as PQ. 

346. Definitions. A right prism is one whose lat- 
eral &ces or parallelograms are perpendicular to the 
bases, as ABC &c. FOH &c. (fig. 164). 

In this case each of the sides AF^ B Q &c. is equal 
to the altitude. 

347. Definitions. A prism is triangular^ quadran^ 
gular^ pentagonal^ hexagonal^ &€•, according as its 

10* 
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CyHnder. Paralleloinpe^. 



bate i« a triangle, a quadrilateral, a pentagqa, a hexa- 
gon, be. 

848. Hefinition^.. The prism, whose bases are regu- 
lar polygons of an infinite number of sides, that is, 
circles, is called a cylinder (fig. 166). 

The line OP, which joins the centre of its bases, is 
called the gtis of the cylinder. 

In the right cylinder (fig. 166) the axis is perpen- 
dicular to the base, and equal to th^ altitude. 

349. Corollary, The right cylinder (fig. 166) may be 
considered as generated by the revolution of the parallelo- 
gram OABP about the axis OP. 

The sides OA and PB generate, in this case, the bases 
of the cylinder, and the side AB generates its convex 8ur« 
face. 

350. Defiftdtions. A prism whose base is a parallel- 
ogram (fig. 167) has all its faces parallelograms, and 

is called a parallelopiped. 

» 

When all the faces of a parallelopiped are rectangles, 
it is C£^Ued a right parallelopiped. 

351. Definitions. The cube is a right parallelopiped 
coipprehended under six equal squares. 

The cube, each of whose faces is the unit of surface, 
is assumed as the unit of solidity. 

352. Definition. The volume, solidityi, or solid 
contents of a solid, is the measure of its bulk, or is 
i\» tatib to the unit of solidity. 
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353. Theorem, The suea of the ooavej[ surface of 
a right prism or cylinder is the perimeter or qircum'' 

. ferenee of its base multiplied by its altitude. 

Demonstration, a. The area of each of the parallelograms 
ABFGy BCOIJ, &c., which compose the convex surface 
of the right prism (fig. 164) is, by art. 247, the product of 
its base J^, ^C&c, by the common altitude AF', and 
the sum of their area*, or the convex surface of the prism, 
is the sum of tbe^^ basea^ or tb^ perimeter ABCD dt^c, by 
the altitude AF. 

h: This deqioQstration is extended to the right cylinder 
by increasing the number of sides to infinity. 

354. Theorem, The section of a prism or cylinder 
made by n plane parallel to the bases is equal to either 
base. 

Demonstration, a. Let LMNO &/C. (fig. 163) be a sec- 
tion of the prism made by a plane parallel to the bases. It 
follows, from art. 333, that LM is parallel to AB, MN to 
BCy &c. ; and, consequently, the angle LMN is equal to 
ABCy by art. 29, the angle MNO to BCD, &c. More- 
over, in the parallelograms ABLM, BCMN, &c., AB is 
equal to fjM, BC to MN &c., and the polygons ABCD 
&c., LMNO d&c. are equiangular and equilateral with re- 
^ct to each other, and would coincide by superposition. 

b. The demonstration is extended to the cylinder by in- 
creasing the number bf sides to infinity. 

355. Corollary, Hence, from art, 342, two prisms 
or cylinders of equal bases and altitudes are equiva- 
lent. 
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Solidity of Pirallelopipeds. 



366. Corollary. Any prism or cylinder is equivalent 
to a right prism or cylinder of the same base and alti- 
tude. 

' 367. Theorem. Two right parallelepipeds are to 
each other as the products of their bases by their 
altitudes. 

Demonstration. Let the two right parallelepipeds be 
ABCD EFGH, AKLMNOPQ (fig. 168) which we will 
denote hj AG and AP. 

Then, if the sides of the rectangles ABCD and AKLM 
are commensurable, the rectangles can, by art. 241^ be di- 
vided into equal rectangles ; and, if through each of the 
vertices of these small rectangles perpendiculars are erected 
to the plane AL, the parallelopipeds AG and AP are di- 
vided into smaller right parallelopipeds. All the parallele- 
pipeds of A 6^ are equivalent, by art. 355, as well as all those 
of AP ; and the number of parallelopipeds in A6r is eqaal 
to the number of rectangles in ABCD ; and the number 
of parallelopipeds in AP is equal to the number of rectan- 
gles in AKLM. 

If now the altitudes AE and AN are commensurate, AN 
can be divided into equal parts, of which AE contains a 
certain number ; and if, through the points of division of 
AN, planes are drawn parallel to the base AL, each of the 
partial parallelopipeds Of A6r and AP are divided into 
smallar equal parallelopipeds, and all these smallest parallelo- 
pipeds are equal to each other. 

> Now, the whole number of the smallest parallelepipeds 
contained in A 6r is the product of the number of rectangles 
in its base ABCD by the number of divisions of its altitude 
AJS, and the number contained in AP is the product of the 
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Solidity of P«raUelopipeds. 
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Bumbof of re«tai:^lefl ia its bise AKLMG bj the Qimber of 
difJsions in its altitude AN. Hence 

AG:APr=^ ABCD X AE : AKLM )/: AN. 

368. Corollary. The solidity of anvt^parallelopiped 
or its ratio to the unit of solidity is, by art. 351,' the 
product of its base by its altitude, that is, 

AG = ABCD X AE. 

369. Corollary. Since, by art. 243, 

ABCD = ilB X AD, 

WQ have 

AG = ABX AD XAE\ 

or the solidity of a parallelopided is the product of 
its three dimensions. 

360. Corollary. The sqlidity of a cube is the cube 
of one of its sides. 

361. 'Corollary. Since, by art. 366, any parallele- 
piped of a rectangular base is equivalent to a right 
parallelopiped of the same base and altitude, the so- 
lidity of any parallelopiped of a rectangular base is 
the'product of its base by its altitude. 

362. Theorem, The solidity of any parallelopiped 
is the product of its base by its altitude. 

Demonstration. Any parallelopiped which has ABCD 

(fig. 169) for its base is, by art. 355, equivalent to the paral- 

1^ Mopiped^)^!, which has the same base, and its sides AH, 

BE, CP^DO, perpendicular to the base ABCD. 

But any other face may as ' well be assumed for the base 

^ of ili? w ABCD\ taking, tb^n, th^ lectangle ABEHfbt 
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Solidity of TriaDgular Prism. Prisin, Cylinder. 
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the base, the parallelopiped AF is, by art. 861, equal to 
the right parallelopiped of the same base and altitude, that 
is, by drawing DK perpendicular to AB, 

, AF:;=DKX ABEH= DK X AB X AH. 

But, ABCD = DK X AB ; 

hence AF = ABCD X AH. 

363. Corollary. Any two parallelopipeds of equiva- 
lent bases and the same altitude are equivalent. 

364 Corollary. Parallelopipeds of the same base 

are to each other as their altitudes, and parallelopipeds 

of the same altitude are to each other as their bases. 

* 

365. Theorems, The solidity of a triangular prism 

is the product of its base by its altitude. 

Demonstration. Let ABC D'EF (fig. 170) be a triangular 
prism. 

Draw BG parallel to AC, CG parallel to^lB, Gff par- 
allel to AD, meeting the plane ADF in H. Join EH; 
FH\ AH 19, evidently, a parallelopiped ; VLudBCGEFH 
is a triangular prism. 

The triangular prisms ABC DEF and BCG EFHnie 
equivalent, by art. 355 ; since their altitude is the same and 
their bases ABC and BCG are equal, by art. 76. Hence 
each of the prisms is half of the parallelopiped AH, and har 
half its measure, or the product of j- ABCD by the altitude, 
that is, the product of its own base by its altitude. 

366. Theorem. The solidity of any prism or cylin- 
der whatever is the product of its base by its altitude. 

Demonstration, a. The prism ABC d&c. FGH &c. 
(fig. 163) may be divided into the triangular prisms ABC 
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Pyramid. 

FOB, ACD FHI&,c. by the planes ACFH, ADFI^c, 

and, by the preceding article, the solidity of each of these 
triangular prisms is the product of its base ABC, ACD 6i,c. 
by the altitude PQ, Hence, the sum of these prisms or 
the entire prism is the product of the sum of the bases by 
PQ, or of the entire base ABCD &c. by the altitude PQ, 

&. This demonstration is extended to cylinders by 
increasing the number of sides to infinity. 

367. Corollary, Prisms or cylinders of equivalent 
bases and equal altitudes are equivalent. 

368. Corollary, Prisms or cylinders of equivalent 
bases are to each other as their altitudes ; and those 
of the same altitude are to each other as their bases. 

369. Corollary, Denoting by R the radius, and by A the 
area of the base of a cylinder ; and using ^ as in art. 237, 
we have, by art. 280, 

il = TT X JR2. 

Denoting, also, by H the altitude, V the solidity of the 
cylinder, we have, by art. 366, 

V=A X ff=^X R^ XH. 

37Cr. Definitions, A pyramid is a solid formed by 
several triangular planes proceeding from the same 
point, and terminating in the sides of a polygon, as 
SABCD &c, (fig. 171) 

The point S is the vertex of the pyramid. 

The polygon ABCD &c. is the base of the pyror 

mid. 

^Yi% convex surface of the pyramid is the, sum of 
the triangles SAB + SAC &c. 
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Cone, Convex Surface of the Regular Pyramid, Right Cone. 



The altitude of the pyramid is 4he distance ^ its 
vertex from its base. 

371. Definitions. A pyramid is triangular, quad- 
rangular, &c., according as the base is a triangle, a 
quadrilateral, &c. 

372. Definitions. A pyramid is regular, when the 
base is a regular polygon, and the perpendicular let 
fall from the vertex upon the base, passes through 
the centre of the base (fig. 172). 

This perpendicular from the vertex is called the 
axis of the pyramid. 

373. D^nitions. When the base of a pyramid is a 
regular polygon of an infinite number of sides, that 
is, a circle, it is called a cone (fig. 173). 

The axis of the cone is the line drawn from the 
* vertex to the centre of the base. 

Aright cone is one the axis of which is perpen- 
dicular to the base (fig. 174). 

374. Corollary. The right cone (fig. 174) may be con- 
sidered as generated by the revolution of the right triangle 
SO A about the axis SO. 

The leg OA, in this case, generates the base, and the 
hjpothcnuse ^^1, which is called the side of the cone, gene- 
rates the convex surface. 

376. Theorem. The area of the convex surface of 
the regular pyramid is half the product of the perim* 
6ter of the basie by the altitude of one of the tri- 
angles. 
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Section of a Pyramid. 

Denwnstration. The triangles SAB^ SBC &,c, (fig. 172) 
are all equal, for, by art. 20i , 

AB = BC= CD, &c. ; 

and, since the oblique lines SA, SB, SC, &c., are all a 
equal distances OA, OB, OC &lc,, from the perpendicular 

80, they are equal by art. 319. Hence the altitudes SH, 

81, 8K, &c. of these triangles are equal ; and the sum oi 
the areas of the triangles is half the product of the sum 

I of their bases AB, BC, CD, &c. by the common altitude 
[^ SS^^', that is, the convex surface of the pyramid is half the 

product of the perimeter of its base by the altitude of one 

of its triangles. 

376. Corollary, When the base of the regular pyramid 
is a polygon of an infinite number of sides, the pyramid is 
a right cone, and the altitude of each triangle becomes the 
side 8 A (fig. 174) of the cone. 

., Hence the area of the convex surface of the right 
l^'cone is the product of the circumference of the base 
by (he side.-rrT' 

377. Theorem. The section of a pyramid made by 
a plane parallel to the base is a polygon similar to the 
base. 

Demonstration. Let MNOP &c. (fig. 171) be the section 
of a pyramid made by, a plane parallel to its base ABCD 
&c. 

Since MN is, by art. 333, parallel to AB, we hare 

SB : SN = AB : MN, 
and since NO is parallel to BC, we have 

SB:SN=BC:NO; 
11 
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Section of a Pyramid and Cone. 



and, on account of the common ratio, SB : SN, 

ABvMN=:zBC:NO. 

In the same way we might prove 

AB : MN =:BC:NO = CD : OF, &c. 

whence the sides of the polygons ABCD fcc, MNOP&^c. 
are proportional. 

The angles of the polygons are also equal, indeed on 
account of the parallel sides, we have 

MNO = ABC, NOP = BCD, &c. 

The polygons are therefore similar, by art. 169. 

378. Corollary. The section of a cone made by a 
plane parallel to the base is a circle. 

379. Corollary. If the perpendicular ST is let fall from^ 
upon the base, meeting the section at JR, we have, by arts. 
268 and 335, 

ABCD &c. : MNOP &c. = AB^ : MN^ = SA^ : SM^ 

= ST^ : SR^, 

or t^e base of a pyramid or cone is to the section 
made by a plane parallel to the base as the square 
of -the altitude of the pyramid is to the square of 
the distance of the section from the vertex. 

380. Corollary. If two pyramids or cones have th« 
same altitude and their bases in the same plane^ their 
sections made by a plane parallel to the plane of their 
bases are to each other as their bases. 

If the bases are equivalent, the sections are equiva- 
lent. 

If the bases are equal, the sections are equal. | 
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381. Theorem. Two pyramids or two cones which 
have equal bases and altitudes are equivalent. 

Demonstration, For, if their bases are placed in the same 
plane, their sections made by a plane parallel to the plane 
of their bases are equal ; and, therefore, by art. 342, the 
pyramids are equivalent. 

382. Theorem. A- triangular pyramid is a third part 
of a triangular prism of the same base and altitude. 

Demonstration. From the vertices jB, C (fig. 175) of the 
triangular pyramid S"ABC, draw BD, CE parallel to 
SA. Draw SD, SE parallel to AB, AC, and join BE; 
ABC 8DE is a triangular prism. 

The quadrangular pyramid 8" BCED is divided by 
the plane SBE into two triangular pyramids 8*'BED% 
S'BEC, which are equivalent; for their bases BED, 
EEC are equal, by art. 76 ; and their common altitude is 
the distance of their common vertex 8 from the plane of 
their bases. 

Again, if the plane 8ED is taken for the base of 
8"BED KVi^ the point B for its vertex, the pyramid 
B- SDE is equivalent io 8-^ ABC; for their bases 8ED, 
ABC are equal, and their common .altitude is the altitude 
of the prism. 

But the sum of the three equal pyramids 8-- ABC, 8" 
BED, 8' BEC is the prism ABC 8DE, and, therefore, 
either pyramid, as iSf- ABC, is a third part of the prism. 

383. Corollary. The solidity of a triangular pyra- 
mid is a third of the product of its base by its alti- 
tude. 

384. Theorem. The solidity of any pyramid is 
one third of the product of its base by its altitude. 



lSt4 SOLID OEOMCTAT. [CH. XVI. ^ 391. 

Solidity of the Pyramid ; the Cone. 
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Demonstration. The planes SAC,SAD,6lc. (Bg. 17]) 
vlif ide the pyramid S" ABCD &c. into triangular pyramids, 
the common altitude of which is the altitude of the entire 
pyramid. Hence the solidity of the entire pyramid is one 
third of the product of the sum of their bases ABC, 
ACD, 6lc., by the common altitude, that is, one third of 
the entire base by the altitude of the pyramid. 

386. Corollary. The solidity of a cone is one third 
of the product of its base by its altitude. 

386- Corollary. Pyramids or cones are to each 
other as the products of their bases by their altitudes. 

387. Corollary. Pyramids or cones of the same 
altitudes are to each other as their bases ; and those 
of equivalent bases are to each other as their alti- 
tudes. 

388. Corollary. Pyramids or cones of equivalent 
bases and equal altitudes are equivalent. 

389. Corollary. Any pyramid or cone is a third 
part of a prism or cylinder of the same base and 
altitude. 

390. Corollary. Denoting by R the radius of the base 
of a cone, by H its altitude, by V its solidity, and using /r, 
•8 in art. 237, we have, by arts. 369 and 389» 

V^:^nxR^ XH. / 

391. Definitions. A truncated prism is the portion 
of a prism cut off by a plane inclined to its base, as 

ABC DEF i&^.ne). 
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Truncated Prism. 

The base of the truncated prism is the same as the 
base of the prism from which it is cut. 

392. Theorem., A truncated triangular prism is 
equivalent to the sum of three pyramids, which 
have for their common base the base of the prism, 
and for their vertices the three vertices of the inclined 
section. 

Demonstration. Draw the plane FAC {fig. 176), cutting 
off from the truncated triangular prism ABC DEF the 
pyramid FABC^ which has ABC for its base, and F for 
its vertex. 

There remains the quadrangular pyramid FACDE^ 
which the plane FEC divides into the two triangular pyra« 
raids FAEC and FCDE, 

Now FAEC is equivalent to the pyramid AEBC which 
has the same base A EC, and the same altitude, because 
the vertices F, B are in the line FB parallel to this base. 
Bat ABC may be taken for the base of EABC, and E for 
its vertex. 

Lastly, 

the pyramid FECD = the pyramid BECD, 

for they have the same base ECD, and the same altitude, 
because their vertices F, B are in the line FB parallel to 
this base. Also 

the pyramid BECD = the pyramid DABC, 

for, they have the common base BDC, and their vertices 
il, J^ are in the line AE parallel to this base. But ABC 
may be taken for the base of DABC, and D for its ver- 
tex. 

Hence the truncated prism is divided into three pyramids, 
which have the common base ABC, and for their vertices 
£, F, and D. 

11* 
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Frustum of Pyramid and Cone. 



393. Definitions. If a pyramid or cone is cut by a 
plane parallel to its base, the portion which remains 
after taking away the smaller pyramid or cone, is 
called the frustum of a pyramid or cone, as ABCD 
8ic. MiVOP (fcc. (fig. 171). 

The convex surface of the frustum of a pyramid is 
the sum of the trapezoids which compose its lateral 
faces. 

The polygons ABCD &c., MNOP &c. are the 
bases of the frustum^ and the distance between its 
bases is its altitude. 

394. Corollary, The frustum of the right cone (fig. 174) 
may be considered as generated by the revolution of the 
trapezoid GO' A' A about the side OO'. 

The side AA\ which is called the side of the frustumt 
in this case, generates the convex surface. 

395. Theorem. The area of the convex surface of 
the frustum of a regular pyramid is half the product 
of the sum of the perimeters of its bases by the alti- 
tude of cither of its trapezoids. 

Demonstration. The trapezoids ABMN, BCNO, &c. 
(fig. 172) are all equal ; and the area of each is half the 
product of the sum of its parallel sides hy their common 
altitude HH', The sum of their areas, or the area of the 
convex surface of the frustum is, therefore, half the product 
of this common altitude, by the sum of all the parallel sides, 
that is, by the sum of the perimeters of the bases of the 
frustum. 

396. Corollary. If a section M'N'G'P &lq. is made by a 
plane parallel to the bases, r.nd puhsin^ through the middle 



i 
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point R' of the altitude, it must, by art. 335, bisect the lines 
AM, BN^ dzrc. ; and the area of each trapezoid is, by art. 
25$, the. product of its altitude by the line M'N', N'0\ d&c. 

The area of the convex surface of the frustum is, 
therefore, the product of the altitude by the sum of 
these lines, that is, by the perimeter of the section 
made by the plane which bisects the lateral sides of 
Ihe frustum. 

397. CoraUary. The area of the convex surface of 
the frustum of a right cone is half the product of its 
side by the sum of the circumferences of the bases ; 
or it is the product of the side by the circumference 
of the section parallel to the bases which bisectithe 
side. 

398. Theorem, The area of the surface, described 
hyaline revolving about another linefin the same 
plane with ijas an axis, is the product of the revolv- 
ing line by me circumference d< scribed by its middle 

point. 

Demonstrotion, cr. If the revolving line is parallel to the 
axis, as in (fig. 166) it describes the convex surface of a 
right cylinder, the area of which is, by art. 353, the product 
of the circumference of the base by the altitude. But the 
altitude is equal to the revolving line, and the circumference 
of the base is, by art. 354, equal to the circumference de- 
scribed by the middle point ; and, therefore, in this case^ 
the area of the surface described is the product of the 
revolvinty line by the circumference described by its middle 
point. 
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6. If the revolving line is inclined to the axis without 
meeting it, the surface described is the convex surface of 
the frustum of a right cone ; and its area is as, in art 397, 
the product of the revolving line by the circumlerence de- 
scribed by its middle point. 

c. When the revolving line meets the axis without cutting, 
the surface described is the convex surface of a right cone, 
and is included in the preceding case by con.-idering it as 
a frustum whose upper base is the vertex of the cone. 

399. Scholium. The case, where the revolving line cuts 
the axis, is not included in the preceding theorem.* 

400. Theorem, The frustum of a pyramid or cone 
is equivalent to the sum of three pyramids or cones, 
which have for their common altitude the altitude 
of the frustum, and whose bases are the lower base ., 
of the frustum, its upper base, and a mean proportion^ 
between the^. ' 

^Demonstration. Let ABCD &c. MNOI^c. (fig. 171) 
be the given frustum. Denote the area of the lower base 
ABCD &c. by V, and that of the upper base MNOP d&c. 
by V ; and denote the altitude ST of the greater pyramid 
by Hy the altitude SR of the less pyramid by jy, and the 
altitude 12 T of the frustum by H'. 

Since the frustum is the difference between the pyramids) 
we have for its solidity, by arts. 383 and 384, 

iVXH—:^VXH'. 

and, for the sum of three pyramids, which have H" for their 
altitude and for their bases F, V and the mean proportional 

s/W between Fand F, 



\,H" x{V-\-V + s/VV) 
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and we are to prove that these solidities' are. equal, or that 
VXH^ r X H'= FX /^ -f F X H' + \/yV X H". 

Now H" = H—H', 

and, by art. 379, 

whence m/Vis/V — H: HP, 

and, multiplying extremes and means 

If we multiply this equation successively by\/Fand\/F' 
we obtain, by transposing the members of thjp 'second pro- 
duct, 

A^YVXH=V XH'. 



WV XH'=V' XH; 

f the difference between which is 



VFF X (^— H)= VX IT— V X //, or 

V'Tf'x H'' ^'V X H— V X H, 

And if we add to this last equation the equations 
VXH'=VXH—VXH! 
VXH" ^ F X K— VXH', 

we get, by cancelling the terms which destroy each other, 

^/VVX H''+ VX ff' + VX H" = VX H—V X If, 

which is the equation to be proved, and the solidity of the 
frustum is therefore equal to 

iff' X (v+ v + vTv), 

401. Corollary, If R is the radius of the lower base of 
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the frustum of a cone, and R' the radius of the upper base, 
we have, by art. 280, 

V=n X R^ 

hence 



^VV = A/n2 XR^ XR'^^^'XRXR', 

and the solidity of the frustum is 

In X ff' X (R^ + R'^ + R X R% 

402. Sc/iolimn, The solidity of any polyedron may 
be found by dividing it into pyramids. 



CHAPTER XVII. 



SIMILAR SOLIDS. 



403. Definition, Similar polyedrons are those in 
which the homologous solid angles are equal, and the 
homologous faces are similar polygons. 

404. Corollary. Hence, from art. 169, the sides of 
similar polyedrons are proportional to each other. 

406. Corollary. From art. 268, the faces of similar 
polyedrons are to each other as the square of their 
homologous sides; and, from the theory of propor- 
tions, the sums of the faces, or the entire surfaces of 
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Ratios t>f Similar Solids. 

the polyedrons arc also to each other as the squares 
of the homologous sides. 

406. Corollary. The bases of similar prisms or 
pyramids are to each other as the squares of their 
altitudes; and the perimeter? of their bases are to 
each other as their altitudes. 

407. Corollary, The bases of similar cylinders or 
cones are to each other as the squares of their alti- 
tudes; atid their altitudes are to each other as the 
circumferences of the bases, or as the radii of the 
bases. 

408. Corollary. The convex surfaces of similar 
prisms, pyramids, cylinders, or cones are to each 
other as their bases, or as the squares of their alti- 
tudes. 

409. Corollary. The convex surfaces of similar 
prisms or pyramids are to each other as the squares 
of their homologous sides. 

410. Corollary. The convex surfaces of similar 
cylinders or cones are to each other as the squares of 
the radii of their bases. 

411. Theorem. Similar prisms, pyramids, cylinders 
or cones are to each other as the cubes of their alti- 
tudes. 

Demonstration. Prisms, pyramids, cylinders, or cones are 
to each other, by arts. 366 and 386, as the products of their 
bases by. their altitudes. But where these solids are similar, 



132 SOLID GEOMBTRT. [cH. XVII. ^ 414. 

Ratios of Similar Solids. 

their bases are to each other, by arts. 40C and 407, as the 
squares of their ahitudes ; and the products of the bases 
by their altitudes, or their solidities are to each other, as 
the products of the squares of their altitudes by their alti- 
tudes, or as the cubes of their altitudes. 

412. Corollary. Similar prisms or pyramids are to 
each other as the cubes of their homologous sides. 

413 Corollary. Similar cylinders or cones are to 
each other as the cubes of the radii of their bases. 

414. Theorem. Similar polyedrons are to each other 
as the cubes of their homologous sides. 

Demonstraiion. Let a polyedron be divided into pyramids 
by drawing lines from one of its vertices to all its other ver- | 
tices; any similar polyedron may be divided into similar J 
pyramids by lines similarly drawn from the homologous ver- \ 
tex. 

Now these similar pyramids are to each other, by art. 412, 
as the cubes of their homologous sides, or as the cubes of 
any two homologous sides of the polyedrons ; and, from the 
theory of proportions, their sums, that is, the polyedrons 
themselves, are to each other in the same ratio, or as the 
cubes of their homologous sides. 
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CHAPTER XYIII. 

lllE SPHERE. 

415. Definition. A sphere is a solid terminated by 
a curved surface, all the points of which are equally 
distant from a point within called the centre. 

416. Corollaty. The sphere may be conceived to be gene- 
rated by the revolution of a semicircle, DAE (fig. 177) 
about its diameter. DE. 

417. Definitions. The radius of a sphere is a 
straight line drawn from the centre to a point in the 
surface ; the diameter or axis is a line passing through 
the centre, and terminated each way by the surface. 

418. Corollary. All the radii of a sphere are equal ; 
and all its diameters are also equal, and double of the 
radius. 

419. Theorem. Every section of a sphere made by 
a plane is a circle* 

Demonstration. From the centre C (fig. 178) of the 
iphere draw the perpendicular CO to the section AMB 
and the radii CA^ CM^ CB,&lc. Since these radii are 
equal, they must, by art. 319, be at equal distances from 
the perpendicular CO\ that is, OA, OM, OB, d&c. are 
equal, or AMB is a oircle. 

IS 



1 
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420. Definitions. The section made by a plane 
which passes through the centre of the sphere is 
called a great circle. Any other section is called a 
$mall circle. 

421. Corollary. The radius of a great circle is the 
same as that of the sphere, and therefore all the great 
circles of a sphere are equal to each other. 

422. Corollary. The centre of a small circle and 
that of the sphere are in the same straight line per- 
pendicular to the plane of 'the small circle. 

423. Definition. The points, in which a radius of 
the sphere, perpendicular to the plane of a circle, 
meets the surface of the sphere, are called the poles 
of the circle; thus P, P^ are the poles of AMB. 

424. Corollary. Since the oblique line PA, PMj 
&c. are equally distant from the perpendicular PO, 
(hey are, equal ; and also the arcs of great circles P-4, 
PM, &c. are equal j that is, the pole of a circle is 
equally distant frona all the points in the circumfer- 
ence of the circle. 

425. Corollary. Since the distance DM (fig. 177) 
of a point, in the circumference of a great circle from 
the pole, is measured by the right angle DC My it is 
a quadrant. 

426. Scholium. By means of poleis, arcs may be 
traced upon the surface of a sphere as easily as upon 
a plane surface. 
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Pole of a great Circle. 

We see, for example, that by turning the arc DF (fig. 
177) about the point Z>, the extremity F describes the small 
circle FNG ; and by turning the quadrant DFA about the 
point D, the extremity A describes the arc of a great circlo 
AM. 

427. Theorem,, A point upon the surface of a sphere 
which, as at the distance of a quadrant from each of 
two other points, is one of the poles of the great circle 
which passes through these two points. 

Demonstration. Thus, if the distances DA^ DM (fig. 
177) are quadrants, the angles DCA and DCM are right 
angles, and, therefore, by art. 317, DC is perpendicular to 
the circle AMB, and its extremity D is, by art. 423, a pole 
of the circle AMB. 

428. Corollary, Since the commoii intersection of 
two great circles is, by art. 417, a diameter, they 
bisect each other. 

429. Theorem. E\rery great circle bisects the 
sphere. 

Demonstration. For if, having separated the two ^mt- 
spheres from each other, we apply the base of one to that of 
the other, turning the convexities the same way, the two 
surfaces must coincide; otherwise, there would be points 
in these surfaces unequally distant from the centre. 

430. Definitions. A spherical triangle is a part of 
the surface of a sphere comprehended by thi!ee arcs 
of great circles. 

These arcs, which are called the sides of the tri- 
angle, are always supposed to be smaller each than 
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I 

a semicircumference. The angles, which their planes 
make with each other, are the angles of the triangle. 
Since the sides are arcs, they may be expressed 
in degrees and minutes, as well as the angles. 

431. Definitions. A spherical triangle takes the 
name of right, isosceles, and equilateral, like a plane 

m 

triangle, and under the same circumstances. 

432. Definition. A spherical polygon is a part of 
the surface of a sphere terminated by several arcs of 
great circles. 

433. Definitions. The portion of a sphere compre- 
hended between the halves of two great circles is called 
SL spherical wedge, and the portion of the surface of the 
sphere comprehended between them is called a lunary 
surface, and is the base of the wedge. 

434. Definitions. A spherical pyramid is the part 
of \\\ii MHifHBO k\i a sphere comprehended between the 
planes of a solid angle, whose vertex is at the centre. 

The base of the pyi'amid is the spherical polygon 
intercepted by these planes. 

435. Definition. A plane is tangent to a sphere, 
when it has only one point in common with the sur- 
face of the sphere. 

436. Definitions. When two parallel planes cut a 
sphere, the portion of the sphere comprehended be- 
tween them is called a spherical segment, and tb« 
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portion of the surface of the sphere* comprehended 
between them is called a zone. 

The bases of the segment are the sections' of the 
sphere, and the bases of the zone are the circumfer- 
ences of the sections. 

The altitttde of the segment or zone is the distance 
between the sections. ' 

One of the cutting planes may be tangent to the 
sphere,, in which case the zone or segment has but 
ope base. 

437. Definition, While the semicircle DAE (fig. 
. 177) turning about the diameter DE describes a 

sphere, every circular sector, as DCP ox FCH, de- 
scribes a solid, which is called a spherical sector. 
The base of the sector is the zone generated by the 
arc DFy or FH. 

438. Theorem. Either side of a spherical triangle 
is less than the sum of the other two. 

Demonstration. From the centre O (fig. 179) of the 
sphere draw the radii OA, OB, OC to the vertices A, B, C 
of the spherical triangle ABC, The three plane angles 
AOBf AOCy BOCfbtm a solid angle at O ; and each of 
these angles is, by art. 337, less than the sum of the other 
|..two. But they are measured by the arcs AB, ACy BC; 
and, therefore, each of these arcs is less than the sum of 
the other two. 

439. Theorem. The sum of the sides of a spheri- 
cal polygon is less than the circumference of a great 
oircle. 

12* 
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Demonstration. From the centre O (fig. 180) of the 
sphere draw the radii OA, OB, OC, &c. to the vertices 
A, jB, C, A&c, of the spherical polygon ABC &c. The 
plane angles ^ OB, BOC, &c. form a solid angle at O ; 
and the sum of these angles is, by art. 338, less than four 
right angles. The sum of the arcs AB, BC, CD, &c. 
is, consequentlyp less than a circumference of a great 
circle. ^ 

440. Corollary, If then, we denote the sides of a spheri- 
cal triangle by a, b, c, we have 

441. Theorem. The angle formed by two arcs of 
great circles is measured by the arc described from its 
vertex as a pole, and included between its sides. 

Demonstration, The arc 'AM (fig. 177) measures the 
angle ACM^ which, by art. 314, measures the angle of 
the planes DCA and i>Cif; and therefore, by art. 430, 
it measures the angle ADM, 

442. Corollary, The val.ue of thia arc AM expressed in 
^ degrees, minutes, di^c, is the same as that of ADM, 

443. Theorem* If from the vertices of a given 
spherical triangle as poles, arcs of great circles are 
described, another triangle is formed, the vertices of 
which are poles of the sides of the given triangle. 

Demonstration, Let ABC (fig. 181) be the given tri- 
angle ; let EF, DF, and DE be described, respectively, 
with il, B, C as poles. 

Then, since J^ is in the arc EF, the distance from E to 
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A iSf by art. 425, a quadrant ; and sinc^ E is in the are 
DE, the distance from £7 to C is also' a quadrant ; and, 
therefore^ by art. 427, jEJ is a pole of AG 

In the same way it may be shown, that X> is a pole, of 
BC, and F a pole of AB. 

444. Definition. The triangle DEF is called the 
polar triangle of ABC, and ia the same way ABC 
is the polar triangle of DEF. 

As several difierent triangles might be formed by produc- 
ing the sides DE, EF, and DF, we shall limit ourselves to 
the one J)EF, such the pale D of BC is on the same side 
of BC with the vertex ^ ; jEJ is on the same side of AC 
with the vertex B i and jPis on the same side of ^IjB with 
the vertex C 

445. Theorem, If the sides and angles of a spheri- 
cal triangle and of its polar triangle are expressed in 
degrees, minutes, &c., the sides of either triangle thus 
expressed are respectively supplements of the angles 
of the other triangle. 

Demonstration. Produce the sides AB, AC (fig. 181), if 
necessary, to G and M. 

Since F is the pole of AB, and E the pole of AC^ we 
have, by art. 425, 

EH=FG=^9d\ 
Hence 

. EF=i EH'\' HF±=: 96** + HF 

GH=GF—HF=:W — HF 

tod, therefore, 

EF+GH=ilQOf'. 
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' But, by arts. 441 and 442, 

GH = the angle BilC, 
whence 

EF + the angle BAC = 180** ; 

that is, the side EF and the angle BAC are supplements^ of 
each other. 

In the same way it may be shown, that DF and the angle 
ABC^ BE and the angle ACB, AB and the angle F, BC 
and the angle D, AC and the angle E, are respectively 
supplements of each other. 

446. Corollary, If therefore we denote the angles of a 
spherical triangle by A, B, C; and the sides respectively 
opposite by a, 6^ c ; the angles of the polar triangle must be 
180° _ fl, 180** — 6, 180° — c ; and the sides of the polar 
triangle 180° — A, 180^ — B, 180° — C. 

447. Theorem. The sum of the angles of a spheri- 
cal triangle is greater than two ri^ght angles. 

Demonstration. Let A, B, C be the angles of the spheri- 
cal triangle. The sides of its polar triangle are 180° — A, 
180° — B, and 180°— C Now the sum of these sides is, 
by art. 440, less than 360°, that is, 

360° > (180° — A) + (180° — jB) + (180° — C) 
or, 

360° > 540° — ^ — B — C, 

or, by transposition, 

ii -f JB -f e> 640° — 360°, 
or, 

^ + 5 + 0180°; 

that is, the sum of the angles A, B, C is greater than 180^. 
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Angles of a Spherical Triangle. 

448. Theorem. Each angle of a spherical triangle 
is greater than the difference between two right an* 
gles and the sunx of the other two angles. 

Demonstration, het A, JB, C be the angles of a spherical 
triangle ; we are to prove that either, of these angles, as A, 
is greater than the difference between 180° and B -{- C. 

a. That is, if jB + C' is less than 180"*, we are to prove 

^> 180° — (B+ C). 
We have, from the preceding proposition, 
. A + B + C>lSO\ 

whence, by transposition, 

A > 180° — {B + C). 

b. But if J5 -|- C* is greater than 180^, we are to prove 

il >(B + C) — 180°. 

Now, of the three sides 180° — ^, 180° — B, 180° — C 
of the polar triangle, each is, by art. 438, less than the earn 
of the other two ; that is, 

(180° — ^) + (180° — C)> 180° — il 
or 

. 360° — J5— C>180° — ^, 

and, by transposition, 

A>B+C— 360° + 180°, 
or 

A>{B + C) — 180°, 

as we wished to prove. 

449. Theorem. If two spherical triangles on the 
same sphere, or on equal sphercF, are equilateral with 
respect to each other, they are also equiangular with 
respect to each other. 
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Demonstration. Let ABC, DEF (fig. 182) he the spheri- 
cal triangles, of which sides AB = DE, AC = DF^ and 
BC = EF. 

Draw the radii OA, OB, OC, aD, O'E, OF. The 
angles A OB and DO'E are equal, because they are meas- 
ured by the equal arcs AB and I)E ; in the same way, 
AOC= DO'E, BOC:=EO'F, and therefore, by art. 
339, the angle of the planes AOB, AOC equals that of the 
planes D&E, DO'E, that is, BAC = EDF, 

In like manner, ABC = DEF, and ilCB = DEE. 

460. Definition, Two spherical triangles are sym- 
metricaly when they are equilateral or equiangular with 
respect to each other, but cannot be applied to each 
other, as ABC, ABC (fig. 183). 

461. Theorem, If two triangles on the same sphere, 
or on equal spheres, have -a side, and the two adjacent 
angles of thq one respectively equal to a side and 
the two adjacent angles of the other, they are equal, 
or else they are symmetrical. 

Demonstration. If the two " triangles ABC, DEF (fig. 
183) have the side AB = DE, the angle BAC = EDF, 
and the angle ABC = DEF; the side DE can be placed 
upon AB, and the sides DF^ FE will fall upon AC, BC, 
or upon the sides AC, BC of the triangle ABC, symmet« 
rical to ABC. 

462. Theorem. If two triangles on the same sphere, 
or on equal spheres, have two sides, and the included 
angle of the one respectively equal to the two sides 
and the included angle of the other, they are equal, 
oir'else they are symmetrical. 
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Demonstration, For one of the .triangles may be applied 
to the other, or to its symmetrical triangle. 

463. Theorem. In every isosceles spherical triangle 
the angles opposite the equal sides are equal. 

Demonstration. Let AB (fig. 184) be equal to AC. From 
A draw AD to the middle of BC. 

In the triangles ABD, ACD, the side AD is common, 
the side BD = DC, and the side AB = AC; hence, by 
I art. 449, the angle ABC = the angle ACB. 

Corollary. Also the angle ADB = ADC, and, there^ 
' fore, each is a right angle; and also DAB = DAC, that 



IS, 



The arc, drawn from the vertex of an isosceles 
spherical triangle to the middle of the base, is per- 
pendicular to the base, and bisects the angle at the 
I vertex. 

454. Corollary. An equilateral spherical triangle is 
also equiangular. 

455. Theorem. If two angles of a spherical tri- 
angle are equal, the opposite sides are also equal, 

and the triangle is isosceles. 

I 

i Demonstration. Let the angle AjBC (fig. 184) be equal 
to the angle ACB. Then let A'BC be the symmetrical 
triangle, of which A'B = AB, and A'C= AC. 

In the triangles ABC, A'BC, the side BC is common ; 
the angle A'BC= ACB, for each is equal to ABC\ and 
the angle A'CB = ABC, for each is equal to ACB ; hence, 

I by art. 451, the side AC^ A'B ; and, therefore, AC^ AB. 
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456. Corollary, An equiangular spherical triangle 
is also equilateral. 

457. Theorem. If two spherical triangles on the 
same, or on equal spheres, are equiangular with re- 
spect to each other, they are also equilateral with 
respect to each other. 

Demonstration, Denote hy A, B two spherical triangles 
which are equiangular with respect to each other ; and by 
P, Q their polar triangles. 

. Since the sides of P, Q are, by art. 445, the supple- 
ments of the angles of A, B;P,Q must be equilateral I 
with respect to each other ; and, also, by art. 449, equiangular 
Ivith respect to each other. But the sides of ^1, B are, by 
art. 445, the supplements of the angles of P, Q, and there- 
fore A, B are equilateral with respect to each other. 

» 

468. Theorem, Of two sides of a triangle, that is 
the greater which is opposite the greater angle ; and, 
conversely, of two angles of a triangle, that is the 
greater which is opposite the greater side. 

Demonstration, 1. Suppose the angle C> jB {dg, 185). 
Draw CD so as to make the angle BCD = B, 
Then, by art. 455, » 

BD = DC, 
and AB = AD + DB = AD + DC. 

But, by art. 438, AD + DC> AC, 

hence AB-^ AC, 

% Conversely. Suppose AB > AC, the angle C must be 
greater than B ; for if C were equal to or less than B, AB 
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/ 

woald, by art. 455 and the preceding demonstration, be 
eqaal to or less than AC. 

459. Theorem. If, of two sides of a spherical tri- 
angle, that which differs most from 90° is acute the 
opposite angle is acute, and if it is obtuse the oppo- 
site angle is obtuse. 

Demonstration. Of the two sides AB, AC (fig. 186) of 
the spherical triangle ABC, let ilC be the one which differ^ 
the most from 90**. Produce AB, BC to B'. 

Since AB, AB' are, by art. 428, supplements of each 
other, one of them is acute and the other obtuse. 
Suppose either of them, as AB' to be acute. Take BH 
= J5'£r=90°, and take JfiTC = the difference between 
AC and 90''. HA is the difference between AB and 90° ; 
therefore 

HOHA. 

a. If, then ACis acute, 

90° — HC < 90° — HA, or AC< B'A. 

Hence, by art. 458, in the triangle AB'C, 

the angle B' < the angle, ^CB'. 

But siface B' and B are each equal to the angle of the 
planes BAB', BCB', they are equal ; and, therefore, 

the angle B < the angle ACB'. ■ 

Again, since AC is acute and AB obtuse, 

ACKAB] 

and, in the triangle ABC, by art. 458, i 

the angle B < the angle ACB. 

That is, the angle B is less than either the angle ACB or 

13 
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its supplement ACB'\ but one oS these angles must be 
acute, and therefore the angle B is acute. 

6. If AC is obtuse, 

w + jff e > w + ai ; 

that is, AC>BA\ 

and, therefore, by art. 458^ 

the angle B > the angle BCA, 
Also, as B'A is acute, 

AC> B'A, 

and, therefore, by art. 458, 

the angle B' > the angle B'CA ; 

that is, the angle B is greater than either the angle AOB 
or its supplement ACB' ; but one of these angles must be 
obtuse, and therefore the angle B is obtuse. 

460. Corollary, Of two sides of a spherical tri- 
angle, the one which differs most from 90° is oppo- 
site the angle which differs most from 90° ; and, 
conversely, of two angles of a spherical triangle, the 
one which differs most from 90° is opposite the side . 
which differs most from 90°. 

461. Corollary, If, of two angles of a spherical 
triangle, that which differs most from 90° is acute, 
the opposite side is acute ; and if it is obtuse the - 
opposite side is obtuse. 

462. Definition. If we suppose the surface of the 
hemisphere to be divided into 360 equal parts, each 
of these may be called a degree of spherical surface ; 
and the degree may be subdivided into 60 minutes j 
and the minute into 60 seconds. 
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463. Corollary. Any spherical surface may, then, 
be expressed by that number of degrees, minutes, &c. 
which has the same ratio to 36(P, that the given sur- 
face has to the hemisphere ; it is also measured by an 
angle of the same number of degrees, minutes, &c. 

464. Theorem, A lunary surface is measured by 
dbuble the angle of its bounding circles. 

Demonstration, Let double the angle MAN (fig. 187), 
expressed in degrees and minutes, be to 860°, in any ratio as 
5 to 48, that is, 

2 ^ : 360° = il : 180° = 5 : 48. 

Suppose the arcs of great circles AaA\ Ab A', &c. to 
foe drawn, so that the angles MA a, aAb, &rc. may be all 
equal to each other, and each -^ part of 180°. 

The hemisphere MAP A' is divided into 48 equal lunary 
surfaces AMaA\ AahA\ &c., of which the lunary surikce 
AMNA' contains 5. Hence, ~ 

the lunary surface AMNA' : the hemisphere = 5 : 48 

= 2if4iV:360°, 

or 2 MAN is, by art. 463, the measure of the lunary surface 

AMNA'. 

The demonstration is extended to the case in which the 
angle MAN is incommensurate with 180°^ by the principles 
of art. 98. 

465. Theorem. Two symmetrical spherical tri- 
angles are equivalent. 

Demonstration. Let ABCy DEF (fig. 188) be two sym- 
metrical triangles, of which AB = DE, AC = DF^ and 
BC—EF. 
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Let P be the pole of a small circle passing through the 
three points A^ B^ C\ then the distances PA^ PB, PC 
must be eqqal. 

Draw DQ making the angle QDE equal to PAB, and 
draw QE making the angle DEQ equal to ABP. Join 
QF. In the triangles ABP and QDE the side DE = 
AB, the angle QDE = PAB, and QED = PBA ; and, 
therefore, by art. 451, the side QD = PA and QE = PB ; 
and since these triangles are isosceles, they can be applied 
to each other, and are equal. 

In the triangles PAC, QDF, the side PA = QD, tie 
side AC = DP, and the angle PAC, being the sum of 
PAB and BAC, is equal to QDF, which is the sum of 
QDE and EDF; and, therefore, by art. 452, the side 
QF =. PC; and since these triangles are isosceles, they 
-are equal. 

In the same way, it may be proved that the isosceles tri- 
angle PBC is equal to QEF. 

But the triangle ABC = PilC + PBC — PAB, 

* 

and the triangle DEF= QDF+ QEF— QDE; 

whence the triangle ABC = the triangle DEF. 

466. Corollary. Hence all triangles, which are 
equilateral or equiangular with respect to each other, 
are equivalent. 

467. Lemma. If two triangles have an angle of 
the one equal to an angle of the other; and the 
sides which include the angle in one triangle are sup- 
plements of those which include it in the other tri- 
angle ; the sum of the surfaces of the two triangles - 
is measured by double the included angle. 
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Demonstration, Let the triangles be ABC and DEF 
(fig. 189), in which A and 2> are equal; and AJB and AC 
are respectively supplements of DE and 2>jP. 

Produce ulJB and AC till they meet in A'. ABA' and 
ilCil' are, by art. 428, semicircumferences. In the triangles 
A'BC and DEF, the angles A' and D are equal, being both 
equal to A ; A'B and DE are equal, being supplements of 
AB ; and ^^C and DF are equal, being supplements of iiC 
It follows, therefore, from art. 466, that they are equal in 
surface. 

But A'BC and ABQ compose thelunary surface ABCA' 
which is measured by 2 A, Therefore the sum of ABC 
and DEP is also measured by 2 A. 

468. Theorem, The surface of a spherical triangle 
is measured by the excess of the sum of its three 
angles over two right angles, or ,180°. 

Demonstration. Let ABC (fig. 190) be the given triangle. 
Produce ^C to form the circumference ACA'O, also pro- 
dace AB and BC to form the semicircumferences il^^l' 
and CBC 

Then, by art. 464, 

the lunary surface CABO = 2 C, 

the lunary surface ABCA' = 2 -4 ; 
or 

the surface ABC -(-the surface ABC ss 2 C, 

the surface ABC + the surface A'BC = 2 il j 

and, by art. 467, 

the surface ABC -f- the surface A'BC = 2 B^ 

for the sides BC and AB are supplements of BC and 
A'B ; and the angle ABC is equal to the angle A'BC 

13* 
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The sum of these three equations is * 

3 X the surface ilJ5C+ the surface A^BC 

-|- the surface ABC + the surface A'BO 

But the surface of the hemisphere is, hy art. 462» 
the .surface ABC + the surface ABC 
+ the surface ABC + the surface ABC = 360^ ; 

which, subtracted from the previous one, gives 

2 X surface.^jBC =;=2i+2B + 2 0—360°, 
or 

the surface ABC = 4 + J5 -{- C— 180°. 

469. Theorem, The surface of a spherical polygon 
is equal lo the excess of the sum of its angles over as 
many times two right angles, as it has sides minus 
two. 

Demonstratian^ Let ABCDE (fig. 191) be the given 
polygon. Draw from the vertex A the arcs AC, AD &c., which 
divide it into as many triangles as it has sides minus two. 
By the preceding theorem, the sum of the surfaces of «ll 
these triangles, or the surface of the polygon, is equal to 
the sum of all their angles diminished by as many times 
two right angles as there are triangles ; that is, the surface 
of the polygon is equal to the sum of all its angles dimin- 
ished by as many times two right angles, as it has sides 
minus two. 

470. Theorem. If a portion ABCD (fig. 192) of a 
regular polygon, situated entirely upon the same side 
of a line FG drawn through the centre O of the poly- 
gon, revolve about FG as an axis, the surface gene- 
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rated by ABCD has for its measure the product of the 
circumference inscribed in the polygon by M Q, which 
is the altitude of this surface^ or the part of the axis 
comprehended between the extreme perpendiculars 
AM, DQ. 

Demonstration. Let / be the middle of AB, OI is the 
radius of the inscribed circle. Draw IKy BN, CP^ per- 
pendicular to FGt and AX perpendicular to BN. 

The measure of the surface described by AB is, by art. 
398, AB X circumference of which KI is radius, which 
circumference we will denote by circumf. KL 

The triangles OIK, ABX are similar, since their sides 
are perpendicular to each other; whence, by arts. 178 and 
234, 

AB : AX = OI : IK = circumf. OI : circumf. IK, 

or, since AX = MN. 

. AB : MN •=> circumf. OI \ circumf. IK] 

and, multiplying extremes and means, 

AB X circnmf. IK = MN X circumf. OL 

Whence the area of the surface described by AB is the 
product of the circumference of the inscribed circle by the 
altitude MN. 

In like manner the area of the surface described by BC 
is the product of the circumference of the inscribed circle 
by the altitude NP ; and that described by CD is the pro- 
duct of this circumference by PQ, 

Hence the area of the entire surface described by ABCD 
is the product of the circumference of the inscribed circle 
by the sum of the altitudes MN, NP, PQ ; that is, by the 
entire altitude MQ. 
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471. Corollary. If the axis PG passes through the 
opposite vertices FGy the area of the surface de- 
scribed by the semipolygou FACG is the product of 
the circumfereuce of the inscribed circle by the axis 
FG. 

472. Corollary, If the sides of the polygon are .infinitely 
small, the polygon becomes a circle, the entire surface 
generated is that of a sphere, of which the generating circle 
is a great circle; and the surface generated by the circular 
segment ABCD is a zone. 

Hence the area of the surface of a sphere is the 
product of its diameter by the circumference of a 
great circle. 

And, the area of a zone is the product of its alti- 
tude by the circumference of a great circle. 

473. Corollary, Since the area of the great circle is, by 
art. 279, half -the product of its radius by its circumference ; 
or one fourth of the product of its diameter by its circum- 
ference, it is one fourth of the surface of the sphere ; that is» 

The surface of a sphere is equivalent to four great 
circles. 

474. Corollary. If we denote by R the radios of the 
sphere, by C th^ circumference of a great circle, by 8 the 
rarface of the sphere, and by n the ratio of the circumfer- 
ence to the diameter, as in art. 237 ; we have 

s, 

C=2^ X R 
Szsz2^XRX2R=:An x'R^. 
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475. CoroUartf, If we denote io the same way, by R, 
and & the radius and surface of a second sphere, we have 

whence 

iS : iS' = 4 7^ X -R2 : 4 TT X JR'a = JR2 : R^, 

that is, the surfaces of spheres are to each other as 
the squares of their radii. 

476. Corollary. Zones upon the same sphere are 
to each other as'theif altitudes ; and a zone is to the* 
surface of its sphere as its altitude is to the diameter 
of the sphere. 

477. Theorem, The solidity of a sphere is one 
third of the product of its surface by its radius. 

Demonstration. For the surface of the sphere may be 
considered as composed of infinitely small planes ; .and each 
of these planes may be considered to be the base of a pyra- 
* mid, which has its vertex at the centre of the sphere, and, 
consequently, an altitude equal to the radius of the sphere. 
The sum of the solidities of these pyramids is, then, one 
third of the product of the sum of their bases by their com- 
mon altitude, that is, the solidity of the sphere is one third 
of the product of its surface by its radius. 

478 Corollary. In the same, way, the base of a 
spherical pyramid or sector may be considered as 
composed of planes, and, therefore, the solidity. of a 
spherical pyramid or sector is one third of the product 
of the polygon or zone, which serves as its base, by 
its radius. 
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479. Corollary. Spherical pyramids or sectors of 
the same sphere are to each other as their bases ; and 
a spherical pyramid or sector is to the sphere of 
which it is a part as its base to the surface of the 
sphere. 

480. Corollary. Hence, by art. 476, spherical sec- 
tors upon the same sphere are to each as the altitudes 
of the zones, which serve as their bases ; and a spher- 
ical sector is to the sphere of which it is a part, as 
the altitude of its base to the diameter of the sphere. 

481. Corollary, Denoting by R the radius of the sphere, 
by S its surface, by V its solidity, and by -rt the ratio of a 
circumference to its diameter, we have, by arts. 474 and 
477, 

^=4 7r X 122 

F=ii2 X ^=^7. X JR^ 

482. Corollary, benoting, in like manner, by R and F 
the radius of another sphere, we have 

whence 

F : F = f ^ X -R3 : # ^ X i2'^ = -R^ : -R'3 ; 

that is, spheres are to each other as the cubes of their 
radii. 

483. Corollary, Denoting by R the radius of a sphere, 
by C the circumference of a great circle, by H the altitude 
of a zone, by Z the surface of the zone, by V the solidity of 
its corresponding sector, and using n as before, we have, 

C = 2 TT X 12, 
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from art. 472, 

and, from art. 478, 

V=lZxR=^%nXR^XH. 

464. Corollary. The solidity of the spherical seg- 
ment of one base less than a hemisphere, generated 
by the' revolution of the portion ABC (fig. 193) of 
a circle about the radius OA, may be found by 
subtracting that of the right cone generated by 
OBCj from that of the spherical sector generated 
hYAOB. 

In like manner, the solidity of the spherical seg- 
ment of one base, greater than a hemisphere! genera- 
ted by the revolution of AB^C^, may be found by 
adding that of the right cone generated by OB'C, 
to that of the sector generated by AOB\ 

485. Corollary. The solidity of the spherical segr 
ment of two bases generated by CBB'C (fig. 193), 
about the diameter AOA*^ may be found by subtract- 
ing that of the segment of one base generated by 
ABC from that of the segment of one base generated 
by AB'C. 
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CHAPTER XIX. 



REGULAR POLYEDRONS. 



486. Definitions. A regular polyedron is one, all 
whose faces are equal regular polygons, and all whose 
solid angles are equal to each other. These con- 
ditions can be fulfilled in only a small number of 
cases. 

a. If the faces are equilateral triangles, polyedrons 
may be formed of them, having solid angles con- 
tained by three of these triangles, by four, or by five. 
No other polyedron can be formed with equilateral 
triangles, for six angles of such a triangle are equal 
to four right angles, and cannot, by art. 338, form a 
solid angle. 

h. If the faces are squares, their angles may be 
arranged by threes. But four angles of a square are 
equal to four right angles, and cannot form a solid 
angle. 

c. If the faces are regular pentagons, their angles 
may likewise be arranged by threes. 

d. We can proceed no farther ; for three angles of 
a regular hexagon are equal to four right angles; 
three of a heptagon are greater. 

487. Corollary. There can be only five regular 
polyedrons; three formed with equilateral triangles, 
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one with squares, and one with pentagons ; and in 
three of these polyedrons each solid angle is formed 
by three plane angles, in one of them by four, and 
in one by five plane angles. 

488. Problem. To fin4 the number of faces of thfe 
regular polyedrons. 

Solution, Denote the number of plane angles by which 
each solid angle is formed by m, and the number of sides 
of each face by n. 

Now it is evident from the symmetrical character of the 
regular polyedron, that a sphere can be circumscribed about 
it ; and, if the adjacent vertices of the polyedron are joined 
by arcs of great circles, the surface of the sphere is divided 
into as many equal regular spherical polygons as the polye- 
dron has faces, and the number of sides of each spherical 
polygon is n, or the same as that of the face of the polye- 
dron. 

Moreover, the number of spherical angles which are 
£»rmed at each vertex is m ; but their sum is equal to that of 
four right angles, and, since they are equal to each other^ 
each must be* represented by 360^ divided by m; that is, 
denoting each spherical angle by A^ 

^ = 360** -^ m. 

Again, the sum' of the angles of each spherical polygon is 
s X -^ ; and therefore the surface of the polygon, which 
we shall denote by 8^ is, by art 469, 

8=nXA — (a — 3) X 180% 
w iSf = jiX360°-rwi — («— 2) X 180^ 

Hence the number of faces is easily found, and is equal 
. 14 



I 

\ 



158 SOLID OEOMXT&T. [CH. XIX. ^ 490. 

Number of Regular Polyedrons. 

lo the number of times which S is contained in the sur&ce 
of the sphere, or» by art. 463, in 720''. 

489. Corollary, ^When the polyedron is composed of egtii- 
lateral triangles, we have n ss= 3, whence 

<IL If^ then, the number of plane angles at each vertex is 
9, we have m sss 3, whence 

S = 360* — ISO'' = 180% 

which is contained 4 times in IW^y and therefore this poly- 
•dron is a tetraedron. 

, t. If the number of plane angles at each vertex is 4, we 
have m = 4, whence 

S = 270" — 180* = 90% 

which is contained 8 times in 720*, and, therefore, this 
polyedron is an octaedron^ 

e. If the number of plane angles at each vertex is 5, we 
have m = 5, whence 

8 = 216* — 180* = 36*, 

which is contained 20 times in 720*, and therefore this 
polyedron is an icosaedron. 

490. Corollary. When the polyedron is composed of 
squares, we have » = 4, and, by art 486, m = 3, whence 

S = 480* — 360* == 120*, 

which is contained 6 times in 720°, and therefore this poly- 
edron is a hexaedron or. cube. 
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491. Corollary. When the polyedron is composed of 
regular pentagons, we have n = 5, and, by art. 486, m = 3, 
whence ' 

iSf. = eW — 54Q^ = 60% 

[ which is contained 12 times in 720°^ and therefore this poly- 
edron is a dodecaedron. 






• 

THE END. 



!^ 



TEXT BOOKS 

FOR THE 

USE OF COLLEGES AND ACADEMIES, 

P47BLISHED BY 

134 Washington Street, 
aSoHtott, 1837. 



Elements of Logic. Comprising the Substance of the Article 
in the Encyclopaedia Metropolitana ; with Additions, &o. 
By Richard Whately,"D. D., Arch bish4Jp-of Dublin. 12mo. 
pp. 36Q. " " - $ 80 

Elements of Rhetoric' Comprising the Substance of the 
Article in the Encyclopaedia Metropolitana ; with Addi- 
tions, &c. By Richard Whately, D. D., Archbishop of Dub- 
lin. 12mo. pp. 360* f 75 

" Both have been well received, and that which we arc now to speak 
of [the Rhetoric] is likely to be soon adopted as a text-book in our higher 
seminaries/' — American Monthly Meview. 

Both these works have been adopted into use in the University at 
Cambridge, and very extensively in other Colleges throughout the United 
States. 

Elements of the Philosophy of the Human Mind. By Dugald 
Stewart. In two volumes. 8vo. pp. 830. $ 2 50 

Used as a text-book in the University at Cambridge, and most other 
Colleges. 



n 



JAMES MUNROS AND CO.'fl PUBUCATIONS. 



A Course of Instruction in Pure Mathematics, for the Use of 
Students in Harvard University. By Benjamin Peirce, 
A. M., University Professor of Mathematics and Natural 
Philosophy in Harvard University. To be comprised in 

seven volumes, 12mo. 

I. Elements of Plane and Solid Geometry, pp. 180. 

II. Algebra, with the Theory of Logarithms. 

III. Plane Trigonometry, with its Applications to Heights and 
Distances, Navigation, and Surveying, pp. 98. $ 50 

IV. Spherical Trigonometry, and Practical Astronomy, partic- 
ularly adapted to the Investigation of the Rules given in Bow- 
ditch's Navigator. *In two parts. Part first $ 50 

V. Analytic Geometry of the Point, the Straight Line, Conic 
Sections, the Plane, the Cone, and the Solids produced by 
the Revolution of the Conic Sections. 

VI. Differential and Integral Calculus. 

VII. Mathematical Theory of Mechanics and Astronomy. 

Vols. I., III., and part first of vol. IV. of this Course are published; 
vol. II. is in press ; the remaining volumes are in course of preparation. 

" The manufacture of text-books in elementary mathematics has 
flourished greatly of late, at least so far as quantity is concerned. The 
excellent. treatises of Bezout, Lacroix, Bourdon, and some other enoinent 
French elementary writers, have been translated and re-translated, 
abridged, copied, compiled from, and arranged in every possible variety of 
method. Sometimes they appear entire, well or ill translated as the case 
may be. Sometimes their * disjecta membra ' are fastened together, 
perhaps In decent arrangement, perhaps in the most slovenly disorder. 

« Mr. Peirce belongs to no such class of book-makers. His two works, 
of which we give the titles above, [Plane au^d Spherical Trigonometry,] 
are part of a course of elementary mathematics, which he has given notice 
that he intends to publish. They show, throughout, the marks of an 
original thinker. In the present state of the science of Trigonometry, we 
cannot expect to find much that is actually new in any text-book on the 
subject. But in these works there is a unity and homogeneousness, 
which shows that they are not mere compilations, but that they have 
passed through and been reproduced by the author's own mind. The 



JAMBS MUNROE AND CO.'S PUBLICATIONS. . 3 

' i 

analysis is conducted throughout in the most finiahed and elegant manner. 
Both these works are remarkahle for brevity and simplicity (qualities, 
which instructers will know how to prize) ; and we believe they will be 
found fully equal, if not superior, to any works now in use, for the pur- 
pose for which they were designed." — JV*. A, JReview, 
■ " As a text-book for such a course of instruction as is usually taught 
in our colleges, it [the Plane Trigonometry] seems to be superior to any 
before published on that subject ; and if the projected course of elemen- 
tary treatises be carried out in the same spirit and style, there is no doubt 
they will be highly useful to both teachers ^d pupils." — MathenuUical 
Miscellany, 

A Course of Natural Philosophy, designed for the Use of High 
Schools and Colleges. Compiled by Benjamin Peirce, 
A. M., University Professor of Mathematics and Natural 
Philosophy in Harvard University. To be comprised in five 
vols. 8vo. 

I. Physical Theory of Mechanics. 

II. Sound, pp. 276. $ 1 50 

III. Light. 

IV. Electricity, Galvanism, Magnetism, and Electro-Magnet- 
ism. 

V. Phy^cal Astronomy. 

Volume II. of this Course is now published, and has been adopted as a 
text-book in the University at Cambridge ; the remaining volumes will 
be issued as soon as practicable. ' 

" The author of this work is already advantageously known by his pre- 
vious publications in the ipathematical department ; and the present work, 
which, (with more modesty than we commonly see at this day,) he says, 
makes * no claim to originality,' will add to that broad and deep founda- 
tion which he is now laying for a solid and lasting fame. 

" At the beginning of the work is a very comprehensive list of writers 
upon Sound in general, as well as musical and other sounds, from the 
age of Aristotle to the present day, which has been prepared with vast 
labor and industry, and is, we believe, the most complete catalogue of the 
kind extant in any language. This labor alone is of incalculable value to 
those persons who are desirous of pursuing the subject, to whom we take 
fSnzt pleasure in recommending a work so simple and intelligible, and, at 
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the same time, so thoroughly scientific." — SeienHfie and Literary 
Journal, 

** It is seldom that a book comes front the press which is designed to 
meet a more urgent want of the community than this second volume of a 
Course of Natural Philosophy. At a time when so many books, good and 
bad, are written, on every variety of subjects, and with particular adap- 
tation to the widely different classes of readers, — and especially when 
the overflowing supply of manuals used seems to leave nothing to be 
wanted in the work of instruction, — it is a little singular that there is 
occasion for the remark that this volume fills a gap which no one before 
appears to have noticed, or, at any rate, to huve endeavored to close. In 
elementary treatises prepared exclusively for the use of common schools, 
acoustics have been considered, in a simple manner, among the other 
branches of Natural Philosophy. But no work whatever has appeared, 
designed for the higher places of instruction, and presenting a full and 
accurate analysis of the principles of sound. There is some occasion, 
then, for congratulation that we have a really new book, and one which 
cannot be laid aside ; and since it is probably destined to be introduced 
into all our colleges, as it has already been into one, we are glad to know 
that it has been executed in such a manner as will leave little demand 
for another. 

** Professor Peirce lays no claim to originality in this work. He tells us 
that he made Sir John Herschell's Treatise on Sound, written for the 
Encyclopaedia Metropolitan a, the basis of his own book. In remodelling 
that work, he has consulted all the works on Sound of any consequence, 
as well as embodied the very important discoveries recently made by 
Faraday ; in a word, he has wrought a pleasing and symmetrical whole 
out of air the loose and scattered materials which relate to the subject. 
The labor of ^uch a task is immense, and it is no small praise to say that 
it has been done accurately, and leaves nothing more to be desired. 

" There is one subject connected with acoustics which is extremely 
difficult, and in which we think Professor Peirce has been remarkably 
successful ; the organs of the buman voice. There have been very con- 
tradictory theories in regard to the peculiar service of each part of this 
complex structure. In Mr. Peirce*s book it is shown how they may be 
reconciled. 

<< An unusual degree of attention has been given, of late years, to mu- 
sic. We have almost come to admit it among the branches of popular 
education. In order 4hat our colleges should keep at a suitable advance, 
means ought to be furnished for making an acquaintance with the princi- 
ples of sound, and every well educated man should consider it as a neces* 
sary accomplishment." — JV. *d. Review* 



JAMES MUNROE AND CO.'S PUBLICATIONS. 



Mathematical Tables ; comprising Logarithms of Numbers, 
Logarithmic Sinews, Tangents, and Secants, Natural Sines, 
Meridional Parts, Difference of Latitude and Departure, 
Astronomical Refractions, &.c. By S. P. Miles and T. 
Sherwin. Stereotype Edition. 8vo. pp. 88. $ 88 

«The tables comprised in this volume have been very carefully 
compared with the best English and French. tables; and they will be 
found, it is believed, not inferior, in point of correctness, to any similar 
tables in use. ' Prefixed is a short introduction, explanatory chiefly of the 
methods of using them." — Advertisement, 

This work is used in Harvard University, and other colleges, and in 
the High School in Boston. 

Woolsey's Qreek Tragedies. 4 vols. 12mo. per vol. $ 50 

I. T)^ Alcestis of Euripides, with Notes, for the Use of 
Colleges in the United States. By T. D. Woolsey, Pro- 
fessor ofGreek in Yale College, pp. 1^2. 

II. The Antigone of Sophocles, with Notes, &c. pp. 134. 
IIL Tlie Prometheus of iEschylus, with Notes, &c. pp^ 98. 
IV. The Electra of Sophocles, with Notes, &c. pp. 142. 



This Course has been introduced into Harvard, Yale., Dartmouth, 
Bow(|oin, &c. - • 

Of the Alcestis and the Antigone the JVorth American Review says, 

*< The form in which Mr. Woolsey has given these works to the publie 
is neat and convenient ; and they are printed with Mr. Folsom's well 
known accuracy. The text of the Alcestis, selected by Mr. Woolsey, is 
that of William Dindorf, contained in the Poetae Scenici Graeci, pub- 
lished at Leipzig and London in 1830, This text has received the appro- 
bation of Hermann, from whose judgment in such matters there lies no 
appeal. A well written preface contains a clear statement of the subject- 
matter of the play, with a critique on the several characters brought out 
in the development of the plot. A brief, but comprehensive view of the 
poetical genius of Euripides, in which his beauties are pointed out, and 
his faults touched upon, with a discriminating hand, gives additional ini 
terest to the volume. The body of notes at the end are remarkable for a 
union of deep learning, acute judgment,^ and fine taste. In discussioas 
of the merits of different readings, sq far as he enters into them^ Mr. 
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WoolMy^ exhibits a nicely balanced jodgnent tlMt entitles his opUkioo to 
great respect. In unravelling the most curious constructions, his precis- 
ion and acuteness are admirable. Every Greek scholar feels how much 
the force and beauty of Greek composition depend on the skilful arrange- 
ment of a great variety of particles. In the explanation of these com- 
mentators have had but little success, as any one will see by looking into 
the common editions of Greek authors. But the exactness with which 
Mr. Woolsey renders single particles and combinations of particles by 
good English equivalents is really surprising. Those who, are wont to 
think the dead languages, as they are called, widely if not wholly diflfer- 
ent from the living, will be astonished to see how nearly many of the 
most peculiar, and, at first view, untranslateable words and turns of 
phrase are given in the homely but expressive idioms of our own Saxon 
tongue. 

*< The preface and commentary to Antigone are even more creditable 
to Mr. Woolsey 's ability than those to Alcestis. The sketch of Uie poem, 
in the preface, is written with clearness and brevity. The difficulties in 
this play that call for a commentator's explanation are far more numerous 
than in the Alcestis. In Mr. Woolsey 's commentaries on these number- 
less knotty passages, be puts them together in a more intelligible form, and 
shows a sharper perception of delicate shades of meaning, than* we have 
ever met with in explanations of any other edition whatever. 

" We conclude this notice by again expressing our satisfaction at tbe 
appearance of these works. They are not only honorable to the taste and 
talent of Mr. ^oolsey, but will bring reputation to the classical scholar- 
ship of our country. Among all the books of this kind, prepared either 
at home or in England, for students and private readers, we are not ac- 
quainted with any which are equal to these in variety of merit. Trol- 
lope's Pentalogia does not bear the slightest comparison " with them, in 
copiousness, elegance, or value of the commentary. The series of trage- 
dies for schools and colleges, published by Valpy, and edited by Major 
and Brdsse, are Aiseful books on the whole ; but the notes are mostly dry 
verbal discussions, often showing a euriosafelicitcts in misunderstanding 
the poetical spirit of the passages attempted to be illustrated. We are 
glad to learn that Professor Woolsey is at work on two more tragedies, 
the Prometheus Bound and the Electra. When these shall have been 
published, the lovers of classical literature will be provided with a series 
of the master-pieces of the Attic drama, illustrated by the blended lights 
of grammatical, philological, and historical learning, under the guidance 
of a discriminating judgment, and a ready sympathy with all that is beau- 
tiful in poetical inspiration, and sublime in moral sentiment. 
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Of the Promethetis^d Electra the same Reviewer speaks as follows : — 

*' Professor Woolsey has now completed his proposed course of Greek 
Tragedies. We hope the reception of these admirable works among the 
teachers and scholars of our country will induce Mr., Woolsey to follow up 
the career he has so brilliantly entered upon. It is an uncommon thing in 
any country, for a mind of nice poetical sensibilities to be engaged in 
critical labors, or to have 'the necessary patience in the acquisition of ex- 
let knowledge, to qualify it for such a task; but so fortunate a conjunc- 
tion between profound and acoiirate learning and delicate taste, when it 
does take place, brings out something which men will not willingly let 
die." 



Latin Classics belonging to the Course of Study in Harvard 
University. 4 vols. 18nio. 

I. Plauti Captivi. pp. 52. $0 16 

II. Ciceronis de Officiis Libri tres. pp. 126. $ 33 

III. Ciceronis Brutus, sive de Claris Oratoribus. Edited by 
Charles Beck, Professor of Latin in the University at Cam- 
bridge, in press, 

IV. Medea, a Tragedy of Seneca. Edited by Charles Beck, 
Professor, &c.. pp. 82. $ 30 

Hugo Grotius de Veritate Religionis Cbristiaitee. Oum Nota- 
lis Joannis Clerici. Accesserunt ejusdem de eligenda inter 
Christianos dissentientes Sententia, et contra Indifferen- 
tiam Religionum Libri duo. 12mo. * pp. 404. $ 75 

Introduction to the Metres of Horace. By Charles Beck, Pro* 
fessor of Latin in Harvard University. 12mo. pp. 20. $ 17 

Ctuestions upon Adam's Roman Antiquities. For the Use of 
Students in Harvard College. 18mo. pp. 68. $ 25 

Questions upon the Syntax of Zumpt's Latin Grammar. For 
the Use of the Students in Harvard College. 18mo. pp. 
18. $0 17 

The Pronunciation of the Latin Language. For the Use of 
Students in Harvard University. By George Otis, Professor 
of Latin in the University. 8vo. pp. 8. $ 06 
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A Complete Course of French Instructipiiy for the Use of Col- 
leges and Schools. By F. M. J. Surault, French Instruc- 
ter in Harvard University and the English Classical School 
in Boston. In 4 vols. 12nio. 

I. An Easy Grammar of the French Language. 2d edition. 
pp. 310. $ 75 

II. New French Exercises, adapted to all French Grammars, 
but more particularly to that of ^he Author. 2d edition, 
pp. 120. J 56 

III. French Fables, with a Key, and a Treatise on Pronunci- 
ation, for those who begin to read the French Language, 
pp. 272. $ 83 

IV. French Questions on Sir Walter Scott's Tales of a 
Grandfather, for the Use of Learners who are beginning to 

speak the French Language, pp. 230. $ 67 

Advertisement to French Questians. — *<To write and tranglate the 
French language are not considered of difficult attainment, but to speak it 
and to understand it when spoken are accomplishments not so generally 
possessed as they might be if learners were provided with suitable books. 
It has been the object of the writer of these French Questions to supply 
in some measure this defect, of which all who are endeavoring to acquire 
the language feel the disadvantage. The numerous and interesting facts 
contained in thfe Tales of Sir Walter Scott suggest abundant topics of 
conversation, and the' common objection of pupils, < that they do not 
know what to talk about, ' will, it is hoped, be obviated by this publica- ' 
tion. By the plan here proposed they may ascertain, without embarrass- 
ment, the question put them by the teacher ; and the labor of casting 
about for ideas being spared them by the Narrative from which the 
answer is to be derived, they will be able to direct their whole attention 
to the right pronunciation and construction of the French." 

This Course is used in Harvard University, in the High School in 
Boston, and very extensively in other schools and academies in the United 
States. 
An Easy. Grammar of the Italian Language, for the Use of 

Colleges and Schools. By F. M. J. Surault. 12mo. pp. 

284. $0 88 

This Grammar has long been the only one in the market, and is that 
which is generally in use with students of the Italian in the U. States. 
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Course of Study for the Italian Language, by Pietro Bachi, 
Italian Instructer in Harvard' University. In 4 vols. 12mo. 

I. Raccolta di Favole M orali ; or, A CoUection of Italian 
Fables in Prose and Verse, selected from the Works of the 
best Italian Fabulists, with Interlinear Translations and 
Explanation of Idioms, pp. 168. $ 88 

II. Scelta di Prose Italiane ; or, Extracts from the Works of 
the best Italian Prose Writers, both Ancient and Modern, 
pp. 472. $ L 50 

ni. Teatro Seel to Italiano ; or, A Selection of Italian Dra- 
mas, from the Works of Tasso, Metastasio, Goldoni, Maf- 
fei, and Alfieri, with Notes, pp. 392. $ 1 50 

IV. Conversazione Italian a ; or, A Collection of Phrases and 

_ K 

Familiar Dialogues in Italian end English, pp. 240. 

$0 88 

Used in Harvard University, and by students of the Italian generally 
throughout the United States. 

A Comparative View of the Spanish and Portuguese Lan- 
guages ; or. An Easy Method- of learning the Portuguese 
Tongue for those who are already acquainted with the 
Spanish. By Pietro Bachi. 12mo. pp. 116. $0 56 

Fabulas Literarias de Don Tomas de Iriarte. Nueva Edicion, 
aiiadidas las Variantes de otras Ediciones, y nueve Fabulas 
postumas del mismo Autor. 18mo. pp. 118. $0 42 

Luther's German Version of the Gospel of St. John, with an 
Interlinear English Translation, for the Use of Students. 
By Charles Follen, Professor of the German Language and 
Literature in Harvard University. 12mo. pp. 172. $J) 88 

** This Interlinear Translation of the Gospel of St. John is intended to 
assist those who wish to study the German language, in the beginning of 
their course. 
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** The usefulness of most works of this kind, particularly those of Mr. 
Hamilton and his followers, is seriously impaired by a peculiar fa\ilt in the 
arrangement, which I have endeavored to avoid. In order to teach the 
genuine idiomatic structure of the German language, I have chosen a 
pure classical text, and placed beneath each word the English equivalent. 
Although this mode of proceeding must in many cases occasion an un- 
grammatical position of the English words, the student will generally 
find it an easy matter to form the English words, tl^us accidentally 
brought together, into a perfect sentence. The slight 4abor he may have 
to bestow, in arranging the jnisplaced English words, is calculated to 
impress the idiomatic structure of the foreign language on his mind, as 
it obliges him to dwell on the cause of that intentional derangement of the 
vernacular words. 

« I have chosen a part of Scripture for this Interlinear Translation for 
various reasons. The circumstance, that this book is in the hands of all, 
makes it easier to give the most literal translation without unsettling or 
obscuring the meaning of the original. Besides, the simplicity of ex- 
pression, by which the Gospel of John, notwithstanding its spiritual 
depths is signally distinguished, recommends it as suited to be made an 
elementary work of this kind. ^This simplicity of the original is fully 
preserved in the translation of Luther, the authority of which is acknow- 
fledged in Germany, not only by all the Protestant Churches as the great 
foundation of public worship, but by aU Germans, as the primitive standard 
of a pure style. * 

** Together with the Grammar and the Reader, this Interlinear Trans- 
lation will form a complete apparatus for acquiring a thorough elementary 
knowledge of the German language." — Preface. 



ELEMENTARY WORKS. 

An Abridgment of Adam's Latin Grammar. Designed fot 
the Use of Beginners. A new Edition, corrected and im- 
proved. 18mo. pp. 170. $ 33 

« This abridgment contains all those parts of Adam's Grammar which 
are usually marked by the instructor to be committed to memory by the 
beginner. By this practice the latter is taught that some parts of the 
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Grammar are unimportant; and looks forward with dread to the fatal 
* second time going-over,* when examples and exceptions are to come 
upon him in all their terrors. This evil is avoided by using, in beginning, 
a suitable abridgment. That before us is well selected, and clearly and 
correctly printed. It is a second edition, with some useful additions, of 
au abridgment published in Boston In 1824. The following extract from 
the preface sufficiently explains the character of the book. — ' What is 
wanted to put into the hands of 9ur younger pupils is a grammar short 
and intelligible, without notes or explanations, in a clear, distinct type, 
and containing little except what is to be committed to memory and 
learned with the greatest accuracy.' It will also be useful to those young 
ladies who take a few steps in Latin as a preparation for one of the mod- 
ern languages. Jn all cases, a thorough knowledge of it will form a good 
preparation for the use of a larger and more philosophical grammar." — 
American Monthly Review, 

Latin Phrase Book, consisting of Colloquial Phrases and Dia- 
logues; intended to facilitate the Study of the Latin Lan- 
guage. To which is added a List of Geographical and 
Proper Names, systematically arranged. By a Teacher. 
18mo. pp. l26. $0 33 

" The exercises throughout have been arranged, as nearly as possible, 
in such a manner as to keep pace with the continued progress of the 
student — commencing with a nomenclature of various objects with 
which we are most familiar, and which on this account serve to interest 
young persons, and induce them the more readily to commit to memory 
the corresponding Latin names of those objects. These names are then 
V combined in easy sentences, (many of which are selected from authors 
usually read in schools,) in order to render those sentences familiar to the 
ear, and, at the same time, to impress the « leading word in them more 
strongly on the mind. 

«< These exercises are succeeded by a list of Idiomatic Phrases, which 
are generally the most perplexing obstacles to be encountered in the 
study of a foreign language. 

« Then follow several exercises of Promiscuotts Phrases, and a series 
of Familiar Dialogues, composed of those expressions which most fre- 
\ quently occur in conversation, arranged under appropriate heads accord- 
ing to the subject. 

«« At the end is added a list of the principal modern Geographical and 
Proper JVames, with their corresponding ancient names ; the geographi- 
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cal names being so classified, as to give the student a general idea of the 
relative situation of the places which most frequently occur in ancient 
authors. ^ * 

" Relying upon the opinion of the best judges, and his own experience 
in teaching, as to the utility of studying the languages by means of well 
selected phrases, the author feels confident that a constant use af the 
Phrase Book will b^ attended with the most beneficial results.'* — 
Preface, 

This work has been adopted into use in numerous schools in Boston, 
Cambridge, Philadelphia, and various other places. 

• 

Conversational Phrases and Dialogues, in French and English. 

Compiled chiefly from the 18th and last Parts Edition of 

Bellenger's Conversational Phrases, with many Additions 

and Corrections. $0 33 

" Numerous publications have been made, both in France and other 
countries, with a view to facilitate the progress of the learner of the 
French language ; and among these works, various collections of words, 
.phrases, and dialogues have held an important place. Of all tlie publica- 
tions of this description, which have come under the notice of the compiler 
of this volume, none has appeared to be so systematic and philosophical 
in its plan, and, at the same time, containing so useful a selection of words 
and phrases, as the original French work which is the basis of the present 
— Bellenger's Conversational Phrases — which was published not long 
ago in Paris, and is now extensively u^ed in France, where it has already 
passed through eighteen editions. It is intended particularly for the use 
of schools ; and is consequently elementary in its character. The sab- 
jects of the lessons are judiciously arranged under appropriate heads, and 
in a systematic order, well adapted to the gradual progress made by the 
younger as well as the more advanced studept." — Preface. 

Elementary Italian Course, by Pietro Bachi. In 2 vols. 16mo. 

I. Rudiments of the Italian Language ; or, Easy Lessons ia 
Spelling and Reading, with an Abridgment of the Gram- 
mar ; adapted to the Capacity of Children, pp. 144. $ 56 

II. Mrs. Barbauld's Hymns for Children, in Italian ; being a 
Sequel to the " Easy Lessons " in the above RudimentSi 
pp. 116. $0 56 
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